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This dissertation presents a numerical model constructed to investigate the
dynamics and structures of the Earth’s mantle. Deformation of the Earth’s mantle, which
is composed of solid silicate minerals, is strongly governed by the constitutive relationship
among multiple length-scale structures and properties. To explain the realistic constitutive
behavior of the silicate mantle, an Internal State Variable (ISV) theory that is an advanced
and novel constitutive approach for history-dependent elastoviscoplasticity was applied.
The ISV constitutive model was, in turn, implemented into a three-dimensional geodynamic code, TERRA3D, which uses the Finite Element method developed for the mantle
convection problem.
The sequential studies performed in this dissertation are presented in the following
order: i) a comprehensive summary of the mantle material structures (compositions and
microstructural features) and its mechanical properties (elasticity and rheology), ii) a development of a recrystallization and grain size dependent ISV constitutive model for the
polycrystalline materials such as minerals and metals, which explains comprehensive mineral physics occurring under the conditions of pressure, temperature, and strain rate within

the mantle and their history dependence, and iii) an application of the recrystallization and
grain size dependent ISV model to the Earth’s mantle convection problem using the
TERRA3D for an investigation of the grain size and dynamic recrystallization effect on the
mantle dynamics.
The applied ISV constitutive model within the TERRA3D Finite Element framework captures the subscale dynamics (dislocation density evolution, dynamic and static
recrystallization, grain growth, and grain refinement) and their effect on the large-scale
rheology and dynamics of the Earth’s mantle. The numerical investigations reveal that the
potential for the mechanical instability and weakening within the mantle arises from the
kinetics of grain size and recrystallization and their rheological effect. This mechanical
instability leads to the mantle convection entering the episodic overturn regime. The
TERRA3D-ISV mantle convection model herein also provides some insightful discoveries
regarding the dynamics and structures within the mantle, explaining its complex rheology
caused by the kinetics of recrystallization, grain size, hardening, dislocation recovery, and
diffusion in the geological settings.
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CHAPTER I
INTRODUCTION
Computational geodynamics is an active and growing field spanning geophysics,
geochemistry, and indeed all of the solid Earth sciences. Computational science works together with real-world data from experiments, seismological, and geochemical observations, to help build an understanding of past, present, and future Earth system structure and
behavior.
Over the past few decades, much research progress has been made toward understanding how plate tectonics is related to mantle dynamics. The computational geodynamics community has enabled this understanding with the use of mantle convection codes.
These mantle convection codes solve the equations of motion for a highly viscous fluid
over the problem domain. Since the early ′80s these codes have improved their material
models that govern the viscosity of the fluid from originally being a constant viscosity to
now a variable viscosity including inelastic effects.
Mantle convection modeling is important for use in understanding how plate tectonics occur and how the tectonics is involved with the mantle dynamics. More importantly, the mantle convection modeling can be used as boundary conditions for use in
subscale simulations involving deformations of the plates such as earthquakes, volcanoes,
faults, and folds. What makes the plate tectonics and the mantle convection complex are
the boundary conditions, initial conditions, and multiscale hierarchical structure-property
1

relationships in the setting of mainly eleven different mineral phases within the entire mantle. Furthermore, the constitutive relations are strongly temperature, pressure, strain rate,
and stress state dependent. The deformation processes that occur in the Earth’s mantle affect the mantle’s dynamic history, create the Earth’s internal structure that gives our current
seismological observations, and are crucial to plate tectonics. The deformation and the
thermomechanical properties of the Earth’s mantle rocks are largely influenced by microstructures (e.g., dislocations, grain size changes, water content, and phase transformations)
of the mantle minerals and their interactions.
One crucial aspect that is needed in mantle convection modeling is to capture this
realistic and complicated rheological behavior for all the mantle minerals involved. The
rock rheology included in the mantle convection codes mostly uses simple phenomenological power-law type rheology, which includes temperature, pressure, and strain rate effects
and some simple representation for the yield behavior (elastic limit). These models calculate the viscosity of the material by using the current temperature, pressure, and strain rate.
The models have done an excellent job of getting the big picture of the mantle convection.
However, in order to more realistically model the mantle convection and the plate tectonics, the more comprehensive deformation mechanisms and its history of the mantle rocks
needs to be included, which the simple phenomenological models cannot provide. To have
the history dependent and more comprehensive rheological model, the microstructural features at multiscale and its relationship with the mechanical properties should be taken into
considerations in a physically-motivated constitutive framework.
In order to investigate mineral properties and their rheology in the deep mantle,
several high pressure and temperature experimental apparatuses have been developed in
2

the geophysical community. These advanced experimental techniques revealed phase
transformations, possible mineralogical compositions, their microstructural and mechanical behaviors at high pressures and temperatures (almost down to shallow lower mantle
depth). For deeper lower mantle, however, the information is still experimentally unknown.
To meet the necessity of deep mantle knowledge, several numerical tools have alternatively
been developed at lower length scales (e.g., electronic, atomistic, microscale, and
mesoscale). From their simulation results, we now have some understanding of the rheological properties of deep mantle rock.
Many numerical simulation tools at the continuum level are also currently available
for investigating the mantle dynamics. These codes have many options for modeling the
materials involved in the mantle convection, but lack the high-fidelity models for the mantle deformation that the engineering community has developed over the years.
The geodynamics community has predominantly used diffusion and dislocation
creep models for the mantle’s rheology as it is referred to in the literature (Hall and Parmentier, 2003; Ismail-Zadeh and Tackley, 2010; Solomatov and Reese, 2008). The most
popular model for representing the mechanical response of mantle rocks under varying
conditions has been a power law type creep equation that depends on the activation energy
and non-linear (non-Newtonian) and/or linear (Newtonian) relationships between stress
and strain rate (Chopra and Paterson, 1984, 1981; Goetze and Poirier, 1978; Karato, 2012;
Kirby, 1983).
More recently, researchers (Bercovici, 1995, 1993; Tackley, 1998) applied simple
rheological models that possess a strain-rate weakening (SWR) feature based on some type
of damage evolution for the Earth’s mantle to represent shear localization and produce
3

faults in a two-dimensional convection. In their three-dimensional calculations, the lithosphere was broken up into multiple high viscosity plates separated by clearly defined sharp
low viscosity weak zones. In their studies, it is also noteworthy that the rheological models
could produce the self-consistent plate generation without manual plate imposition. Despite of this advanced feature, these models still do not have the history effects for mantle
rock deformation.
Similarly, Auth et al. (2003) used a damage related rheology model to explain selflubricating behavior and low viscosity zones that can be thought of as faults. The advantage
of their model over the SWR model is that the time-dependent damage parameter inherently has history dependence where the material remembers its previous deformation.
However, their model is also limited to only the specific material response and phenomenological description; therefore, it cannot capture comprehensive material responses (e.g.,
elasticity, plasticity, creep, damage, etc.).
Viscoelastic or viscoelastic-plastic deformation models have also been applied to
geodynamic simulations (Moresi et al., 2007, 2003). The viscoelastic model could capture
the large deformation that is supposed to occur in the mantle; however, it is also an empirical model without consideration of microstructural changes of the mantle rock.
Above models, in general, do not possess the ability to include time-dependent history effects that arise from temperature, strain rate, pressure, and deformation path as well
as comprehensive material responses. As an example of efforts to overcome some of these
limitations, Covey-Crump (1994, 1997) employed the Hart Internal State Variable (ISV)
model (Hart, 1976, 1970) to study the mechanical properties of Carrara marble. Aubertin
et al. (1991a, 1991b) have also used an ISV model to analyze rock salt and other alkali
4

halides. Recently, Sherburn et al. (2011a) applied a physically motivated ISV model for
some rocks including olivine showing a superior capturing ability over the power law creep
model. Based on experimental data of the lherzolite, Sherburn et al. (2011b) simulated
mantle convections using the ISV model in the frame of TERRA2D. However, the ISV
model has not yet fully developed for the modeling of mantle convection and plate tectonics especially in terms of pressure dependence, comprehensive relationships between microstructures and mechanical property (e.g., anisotropic dislocation density, recrystallization, and grain size), and multiphase effects. Furthermore, a three-dimensional implementation of the ISV model needs to be done to model realistic dynamics of the Earth’s interior.
This dissertation presents developments of a comprehensive rheological model using an ISV constitutive theory. This ISV constitutive model includes grain size and recrystallization variables that unify their static and dynamic effects. Also, pressure dependence
for each microstructural mechanism was added. In turn, the ISV constitutive model was
implemented into a spherical Finite Element code, TERRA that provides a platform to
model a planetary scale mantle convection and plate tectonics of the Earth (Baumgardner,
1985, 1983). In particular, this study emphasizes on the three-dimensional model for the
Earth mantle.
In Chapter II, the Earth mantle’s interior structure related to some important microstructural features and the relationships between the microstructures and their rheological
effects are reviewed and summarized. This chapter discusses the Earth mantle’s mineralogical compositions (phases), crystal structures, elastic and plastic anisotropies, crystal
(grain)-related atomic rearrangements such as grain growth, grain boundary sliding, and
grain-crystal boundary interactions, elastic moduli, and stress-strain behavior, observed via
5

laboratory and seismological studies. This investigation provides a comprehensive overview of the current understanding of the mantle rheology.
In the geodynamics community, both the recrystallization and the grain size are
thought to be important factors in influencing the mantle’s deformation. With this motivation, Chapter III presents an ISV constitutive model that unifies the recrystallization and
grain size kinetics, together with their static and dynamic effects. This recrystallization and
grain size dependent ISV model handles pre-history of material, and the history capability
is demonstrated through two realistic applications associated with multistage and transitional boundary value problems. This study emphasizes that this ISV constitutive model is
an appropriate candidate to be used for the plate tectonics and the mantle convection models due to their history sensitivity.
In Chapter IV, the recrystallization and grain size dependent constitutive model
developed in Chapter III is applied for a mantle convection problem. This study numerically investigates the effects of dynamic recrystallization and grain size on the dynamics
within the Earth’s mantle.

6

CHAPTER II
MULTISCALE STRUCTURES AND MECHANICAL PROPERTIES
OF THE EARTH’S MANTLE MINERALS
The deformation processes that occur in the Earth’s mantle affect the mantle’s dynamic history, create the Earth’s internal structure that gives our current seismological
observations, and are crucial to plate tectonics. The deformation and the thermomechanical
properties of the Earth’s mantle rocks are largely influenced by microstructures (e.g., dislocations, grain size changes, water content, and phase transformations) of the mantle minerals and their interactions. Therefore, a review on the microstructural changes, the thermomechanical properties, and their associated relationships in a systematic manner will
help develop models for the rheology of the mantle.
Previous experimental studies were conducted to quantify the possible existing
mineral phases in the Earth’s mantle at different locations and at different temperatures and
pressures (Akaogi et al., 1989; Murakami et al., 2004; Ringwood, 1967; Wang et al., 1992).
Based on experimental techniques on phase transformations, researchers discovered more
than ten mineral phases in the mantle. The phases undergo microstructural changes or rearrangements during deformation at given thermomechanical conditions. The resultant microstructural changes affect mechanical properties such as elasticity, plasticity, creep, and
viscosity of the mineral during deformation.

7

Meanwhile, numerical techniques at different length scales (Density Functional
Theory (DFT), Molecular Dynamics (MD), Dislocation Dynamics (DD), Crystal Plasticity
(CP)) have been used to analyze heterogeneous multiscale structures and their effects on
mechanical properties of the Earth’s minerals. These computational methods are typically
used because of the experimental limitations at high pressure and high temperature conditions. The results of the numerical investigations for the microstructures and the mechanical properties of the deep Earth minerals have shown successful consistency with the experimental laboratory data and/or the seismological observations (e.g., Núñez-Valdez et
al., 2012; Wenk et al., 2011; Zhang et al., 2016). Furthermore, the advantages of the numerical techniques have stimulated the development of integrated multiscale modeling approaches that can be used as a new modeling scheme for the deep Earth minerals. In practice, the integrated multiscale modeling method (Horstemeyer, 2012) has already been employed in the material science and solid mechanics of engineering problems for materials
such as metals (Groh et al., 2009), polymers (Bouvard et al., 2009), cementitious materials,
particulate materials, and even for the space fabric in general relativity (Tenev and Horstemeyer, 2016). In this method, the simulated results at different length scales are bridged
across the length scales: electron scale, nanoscale, microscale, mesoscale, macroscale, and
the terrestrial scale (Horstemeyer and Bammann, 2010). Using the integrated multiscale
modeling, several authors showed that the properties of the mantle minerals could be captured and validated with some available experimental data (Castelnau et al., 2010; Cordier
et al., 2012; Knoll et al., 2009). These numerical techniques produce data that experiments
cannot, providing invaluable information on the Earth’s deep interior.
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Previous literature presents summaries from different viewpoints on the mineral
properties, mechanics, and the associated geophysical issues on the Earth’s mantle (Karato,
2013, 2012; Karato and Wu, 1993; Kohlstedt and Hansen, 2015; Mainprice et al., 2000;
Oganov, 2015; Poirier, 2000; R J Hemley and Cohen, 1992; Stixrude and Lithgow-Bertelloni, 2010). Most of these studies focus on specific topics such as elasticity (Oganov, 2015;
Poirier, 2000; R J Hemley and Cohen, 1992), phase transformations and compositions (Oganov, 2015; Poirier, 2000; Stixrude and Lithgow-Bertelloni, 2010), mineral chemical structures (Poirier, 2000; R J Hemley and Cohen, 1992), anisotropy (Mainprice et al., 2000) and
rheology in certain locations of the Earth’s interior (e.g., upper mantle) (Karato and Wu,
1993; Kohlstedt and Hansen, 2015). Karato (2012) comprehensively summarized experimental data related to the rheology of the entire mantle minerals, discussing the various
mechanisms that operate in the mantle rock. Even though these previous studies excellently
and concretely reviewed important mechanical and microstructural properties of the
Earth’s mantle, more integrated and comprehensive connections among multiple length
scales based on up-to-date data from both lab experiments and numerical simulations seem
to be needed. This integrated view of multiscale structure-property relations in a consistent
manner covering the Earth’s various temperatures and pressures would help further develop geodynamic model.
In this chapter, mineralogical features within the Earth’s mantle acquired from experiments and numerical methods in the literature are summarized to systematically quantify the Earth’s minerals’ microstructural features and thermomechanical properties emphasizing their relations (i.e., structure-property relationships). To fill a modeling need, a
new multiphase static grain growth formulation that matches well with the experimental
9

literature data is introduced. First, the microstructures of each mineral phase are summarized and reviewed from the perspective of microstructure-mechanical property relationships. Of particular interest are the constituent mineral phases with their crystal systems,
anisotropy (crystallographic-preferred orientation), grain-related structures, and water (hydrogen) effect. Second, the available data related to the mechanical properties in the mantle
while considering the temperature and pressure conditions are summarized. The mechanical properties include elasticity and stress-strain behavior of each mineral. Finally, this
study introduces an integrated multiscale modeling methodology that is a more sophisticated modeling approach and emphasizes its necessity as a new tool to better study the
dynamics occur in our planet’s interior.
2.1
2.1.1

Mantle’s Mineralogical Structures
Phases (Transformations and Mantle Mineral Constituents)
Assuming a pyrolite composition, which is a mixture of mid-ocean ridge basalt

(MORB) and the peridotite, Ringwood (1968, 1962) compared, by seismic observations,
the phase transformations of olivine, spinel, pyroxenes, and garnets. There are two main
subsystems of the phase transformation in the mantle depending on the depth: the olivine
and ‘pyrolite minus olivine’ subsystems (Ita and Stixrude, 1993). Based on the pyrolite
composition, it is well known that the olivine phase 𝛼–(Mg, Fe)2SiO4 transforms into the
wadsleyite 𝛽–(Mg, Fe)2SiO4 phase near 410 km in depth and then into the ringwoodite
phase 𝛾–(Mg, Fe)2SiO4 near 520 km in depth (Akaogi et al., 1989; Morishima et al., 1994;
Suzuki et al., 2000). The transformations of the polymorphs are characterized as a precipitation dominant transformation occurring through the nucleation and the growth of the
new phase. The lower mantle begins at a depth near 660 km, where the ringwoodite is
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broken down into bridgmanite (Mg-perovskite) (Mg, Fe)SiO3 and ferropericlase (Mg, Fe)O
(Liu, 1975) under a eutectoid-type phase transformation (Yamazaki et al., 1996). The phase
transformation in this region is consistent with the seismic discontinuity at 660 km due to
the sudden increase of the mantle density.
On the other hand, in ‘pyrolite minus olivine’ system the orthopyroxene (Mg,
Fe)SiO3 and clinopyroxene Ca(Mg, Fe)(Si, Al)2O6 are gradually dissolved into pre-existing
garnet (Mg, Fe, Ca)3(Al, Fe)2Si3O12 at 300 km, then completely dissolved at 460 km. The
newly formed type of garnet is called majorite (Irifune, 1987; Irifune et al., 2008; Ringwood and Major, 1971). The majorite is the second most abundant phase in the transition
zone. Finally, at about 600–700 km in depth, the majoritic garnet is exsolved into Ca-perovskite CaSiO3 and the bridgmanite (Mg, Fe)SiO3. More recently, it has been suggested
that there is another polymorphic phase transformation from the bridgmanite to post-Mgperovskite 200 km above the core-mantle boundary (CMB), which seems to be related to
the D" zone (Murakami et al., 2004; Oganov and Ono, 2004).
Studies for the phase equilibria of olivine and pyroxene systems have been performed by several authors using experiments and numerical methods. Figure 2.1 shows the
phase diagram of Mg2SiO4 compiled from both numerical and experiment results in the
pressure-temperature space. Following the mantle adiabat (red line), the phase transformations of olivine-wadsleyite, wadsleyite-ringwoodite, and ringwoodite-(perovskite + periclase) correspond to 410 km, 520 km and 660 km depths, respectively. The phase equilibria of the pyroxene system are complicated because the phase changes are sensitive to the
chemical compositions (e.g., aluminous material contents).
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The phase diagram of the Mg2SiO4 material system in the temperature and
pressure space.

The solid black line represents data from a thermodynamic model (Stixrude and LithgowBertelloni, 2011). The thick dashed blue line represents data acquired atomistic simulations
(Yu et al., 2011). The equilibria for olivine-wadsleyite that was determined by experiments
is shown by the dashed line with squares (Akaogi et al., 1989; Morishima et al., 1994).
The dashed lines with triangles show the transformation between wadsleyite and ringwoodite (Akaogi et al., 1989; Katsura and Ito, 1989; Suzuki et al., 2000), and the dashed
lines with circles are data from Fei et al. (2004), Ito and Takahashi (1989), and Katsura et
al. (2003). S,2011: (Stixrude and Lithgow-Bertelloni, 2011); Y,2011: (Yu et al., 2011);
A,1989: (Akaogi et al., 1989); M,1994: (Morishima et al., 1994); S,2000: (Suzuki et al.,
2000); K,1989: (Katsura and Ito, 1989); F,2004: (Fei et al., 2004); K,2003: (Katsura et al.,
2003); I,1989: (Ito and Takahashi, 1989); Ol: olivine; Fo: forsterite; Wd: wadsleyite; Rw:
ringwoodite; Mj: majorite; Pc: periclase; Il: ilmenite; St: stishovite; Pv: perovskite.
Two main possible chemical composition models of the Earth’s mantle, pyrolite
and piclogite, have been suggested. The pyrolite mantle model assumes that the whole
mantle has no chemical difference between the upper and lower mantle, whereas the
piclogite model considers a silica-rich lower mantle. Since the pyrolite composition model
is consistent with seismic observations in the transition zone, the pyrolite composition
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model was the focus in the study herein. Using the pyrolite compositional assumption, a
pressure-temperature phase diagram, shown in Figure 2.2a, is constructed with data collected from a numerical model (Stixrude and Lithgow-Bertelloni, 2011) and high pressuretemperature experiments (Hirose, 2002; Ito and Takahashi, 1989; Katsura and Ito, 1989).
Although slight mismatches exist between the numerical data and the experimental results
in the region where Ca-perovskite appears, the overall pattern is similar. Based on the data
of the phase equilibria, the mantle mineral constituents are summarized with respect to
volume fraction at a certain depth and are shown in Figure 2.2b. Several authors proposed
a mineralogical map in which the volume fraction versus depth follows the mantle geotherm (Karato, 2012; Ringwood, 1991; Stixrude and Lithgow-Bertelloni, 2011). Though
the maps generated by these authors showed general consistency, ilmenite (or akimotoite
(Mg, Fe)SiO3) may exist near a deeper transition zone (Tomioka and Fujino, 2015) and
needs to be taken into consideration.
The phase transformations change the crystal structures of the products. Olivine has
an orthorhombic structure with the space group, Pbnm. Olivine’s structure can be described
as a slightly distorted hexagonal close-packed (hcp) oxygen array that induces asymmetry
of its orthorhombic structure. One-eighth of the tetrahedral sites and one-half of the octahedral sites are occupied by Si4+ and cations such as Mg2+ and Fe2+, respectively. Once the
olivine is transformed to wadsleyite (orthorhombic with the space group Imma), it is rearranged to the face-centered cubic (fcc) structure of oxygen and is called the β-phase or
modified spinel.
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Figure 2.2

Phase equilibria (a) and mineralogical constituents map (b) in the pyrolite
composition.

(a) The blue and green lines represent the phase boundaries of the olivine subsystem, the
pyroxene subsystem (including ilmenite), respectively. The black and red solid lines show
the solidus (Herzberg et al., 2000) and geotherm (Jeanloz and Morris, 1986) regions, respectively. The other solid lines represent phase boundaries based on the computational
results from Stixrude and Lithgow-Bertelloni (2011) based on 1,600 K isentrope. The
dashed blue lines with circles and triangles are experimental data of the olivine-wadsleyite
boundary and the wadsleyite-ringwoodite boundary, respectively (Katsura and Ito, 1989).
The dashed blue lines with diamonds and stars show the boundaries related to ringwoodite,
Mg-perovskite, and ferropericlase (or magnesiowüstite) (Hirose, 2002). The dashed green
line with triangles is the boundary between clinopyroxene and garnet (Ito and Takahashi,
1989). (b) Mineral constitution maps summarized by Karato (2012) (black solid line =
K[2012]), Ringwood (1991) (dashed green line), and Stixrude and Lithgow-Bertelloni
(2011) (dashed blue line). Some proportions of ilmenite (Il) may exist but are not shown.
S,2011: (Stixrude and Lithgow-Bertelloni, 2011); K,1989: (Katsura and Ito, 1989); I,1989:
(Ito and Takahashi, 1989); H,2002: (Hirose, 2002); H,2000: (Herzberg et al., 2000);
J,1986: (Jeanloz and Morris, 1986); K,2012: (Karato, 2012); R,1991: (Ringwood, 1991);
S,2011: (Stixrude and Lithgow-Bertelloni, 2011); Ol: olivine; Gt: garnet; Cpx: clinopyroxene; Opx: orthopyroxene; Wd: wadsleyite; Rw: ringwoodite; CaPv: Ca-perovskite; Il: ilmenite; MgPv: Mg-perovskite; Br: bridgmanite; Mw: magnesiowüstite; Fp: ferropericlase;
HPCpx: high pressure clinopyroxene; Ppv: post-perovskite.
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Ringwoodite, which is the second polymorph of olivine, is known to have a cubic
structure (space group Fd3̅m) similar to the structure of spinel and is called γ-spinel. The
660 km seismic discontinuity is related to the post-spinel transition where ringwoodite is
broken into bridgmanite and ferropericlase. With the chemical composition change at this
depth, orthorhombic bridgmanite and cubic ferropericlase are formed (Nesse, 2000; Poirier, 2000; Sung and Burns, 1978).
In the upper mantle (down to 410 km), the second most abundant mineral is pyroxene. Based on the pyrolite composition model, the most possible orthopyroxene phase is
enstatite with a large magnesium content. While the enstatite has the orthorhombic structure at the lower pressure, it changes to a monoclinic structure as the pressure increases (at
8 GPa in pressure and 1200 K in temperature). The enstatite with the monoclinic structure
is called clinoenstatite which has a space group P21/c. The clinoenstatite is usually considered clinopyroxene, but its structure and composition are differentiated from other clinopyroxenes with calcium or sodium (e.g., diopside, augite, or jedeite) even though they also
have monoclinic structures (Pacalo and Gasparik, 1990; Ulmer and Stalder, 2015). Garnet
is also one of the important minerals in the upper mantle. Majorite (body-centered cubic
with space group Ia3̅ d) is a high-pressure form of garnet with octahedrally coordinated
silicon atoms that is formed when the pyroxenes dissolve into the pre-existing garnet (likely
aluminum-rich garnet (i.e., pyrope)) (Ringwood, 1967; Ringwood and Major, 1971). Finally, calcium perovskite that is exolved from the calcium-containing garnet solid solutions
likely has a cubic structure, but it can be distorted at a lower temperature (Kurashina et al.,
2004). However, ab initio molecular dynamics (AIMD) calculations showed that the calcium perovskite with a tetragonal structure is likely stable at a lower mantle as well (Li et
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al., 2006d). The crystal structures of the main minerals in the mantle are summarized in
Table 2.1.
2.1.2

Crystallographic-Preferred Orientation (Texture)
Anisotropic structures within a crystalline solid play a role in determining the

strength of the material. The anisotropic nature of mantle minerals are induced by several
factors, mainly, the anisotropic structure of single crystals due to their atomic positions,
deformation-induced crystallographic-preferred orientations (CPO) (referred to as texture
in the materials science community and the plastic spin in the solid mechanics community),
and recrystallization of the grains (Karato, 2012). In this section, the elastic anisotropy of
single crystals and the deformation-induced CPO are reviewed.
Lab knowledge of the single crystal elasticity of a mantle mineral at mantle conditions is crucial because the polycrystalline average comprises the elastic moduli of each
crystal. Once the CPO forms due to the type of deformation, both the single crystal elasticity and the CPO are used to investigate the seismic anisotropy of the polycrystalline
mineral (Mainprice et al., 2000). Note that as the deformation continues to a limit, the
polycrystalline average tends towards the single crystal elastic response. The elastic properties of each mantle mineral have been quite well investigated by high pressure and temperature experiments and numerical studies (Hu et al., 2016; Karki et al., 2000; Li et al.,
2006c; Mao et al., 2015; Wentzcovitch et al., 2004; Zhang et al., 2016).
The single crystal elastic moduli will be summarized in the elasticity of mechanical
property section; hence, the single crystal elastic anisotropy of each mantle constituent will
be more concretely reviewed in that section, while this section focuses on the deformationinduced CPO.
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Table 2.1
Section

Upper
Mantle

MTZd

Mineralogical Constitutions of the Mantle and Their Crystal Structures
Depth
(km)

~410

~520

MTZ

~660

Lower
Mantle

~2,900

Vol
(%)

Phasesa

Crystal Systemb

Space Group

60

Ol

Orthorhombic

30

Opx (En)
Cpx (Cen)
Cpx

Opx (En): Orthorhombic
Cen: Monoclinic
Cpx: Monoclinic

10

Gt (Py)

Cubic

60
40

Wd (𝛽)
Gt (Mj)c

Orthorhombic
Cubic

60
30
10
70
70
20

Rw (𝛾-spinel)
Gt (Mj)c
CaPv
MgPv (Br)
Ppv
Mw

Cubic
Cubic
Cubic
Orthorhombic
Orthorhombic
Cubic

Pbnm
Opx (En):
Pbca
Cen: P21/c
Cpx: C2/c
Ia3̅d
Imma
Ia3̅d
Fd3̅m
Ia3̅d
Pm3̅m
Pbnm (Pnma)
Cmcm
Fm3̅m
Pm3̅m

10
CaPv
Cubic
Abbreviations: Ol, olivine ((Mg, Fe)2SiO4); Opx, orthopyroxene ((Mg, Fe)SiO3); En, enstatite; Cpx, clinopyroxene (Ca(Mg, Fe)Si2O6); Cen, clinoenstatite; Gt, garnet ((Mg, Fe,
Ca)3(Al, Fe)2Si3O12); Py, pyrope; Wd, wadsleyite ((Mg, Fe)2SiO4); Mj, majoritic garnet;
Rw, ringwoodite ((Mg, Fe)2SiO4); CaPv, calcium perovskite (CaSiO3); MgPv, magnesium perovskite ((Mg, Fe)SiO3); Br, bridgmanite; Ppv, post-perovskite; Mw, magnesiowüstite ((Mg, Fe)O).
b
Data sources: (Kurashina et al., 2004; Nesse, 2000; Shieh et al., 2004; Sung and Burns,
1978)
c
In the transition zone, garnet is possibly a form of pyrope-majorite solid solution, but
majorite is dominant (Irifune and Ringwood, 1987).
d
MTZ: Mantle Transition Zone
a

The deformation-induced CPO is a key factor in understanding the current anisotropic structures of the mantle and its flow patterns. Additionally, this CPO can be used to
estimate the strength and viscosity of the mantle rock as well. During deformation, the
grains of the minerals are rotated depending on the slip systems, which lead to the strain
weakening (Hansen et al., 2012a) and rotation of the mineral’s yield surface (Dafalias,
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2000). Therefore, it is important to know both the CPO structure and its influence on mechanical properties during deformation.
Generally speaking, olivine has five different CPO types (A – E) based on water
content and deformation conditions (see Jung et al., 2006; Jung and Karato, 2001;
Katayama et al., 2004). For a study investigating large torsional deformations of the olivine, Hansen et al. (2012a) showed that the olivine was deformed by the [100](010) slip
system. This finding by Hansen et al. (2012a) is supported by the pole figures, which show
a strong point maxima in the shear direction [100] and weakly distributed CPOs normal to
the shear plane (010). In Hansen et al. (2012b) as the strain increased, the main CPO direction remained almost constant, but the anisotropy intensity (M index) increased from
0.01 (starting materials) to 0.51 (at 1400 % in shear strain). In addition, the development
of CPO decreased the mechanical strength of the olivine.
Though CPO evolutions for orthopyroxene and clinopyroxene have not been well
investigated in the laboratory, some CPOs and slip systems were able to be observed from
natural peridotites. In the natural samples, pole figures of orthopyroxene showed that the
main slip system is [001](100). More recently, Jung et al. (2010) reported three more types
of orthopyroxene’s CPO from xenolith studies.
Similarly, the dominant slip system of clinopyroxene (diopside) is also [001](100)
as orthopyroxene, but the pole figures are more dispersed (Skemer et al., 2006; Tommasi
et al., 2008). However, Bascou et al. (2002) reported 1⁄2 〈110〉{11̅0}, [001]{110} and
[001](100) slip systems were observed in naturally deformed omphacite included in eclogite. They attempted to predict the CPOs observed in the omphacite matching results of
the anisotropic viscoplastic self-consistent (VPSC) constitutive model and concluded that
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the observed slip systems were generated by various stress states possibly as simple shear
and transtension with non-coaxial loads.
Garnet is generally believed to be a very isotropic or weakly anisotropic material.
In deformation experiments of single crystal garnet, both the 1⁄2 〈111〉{110} and
〈100〉{110} were observed as dominant slip systems (Cordier et al., 1996). However, according to Mainprice et al. (2004), the 〈111〉{110} slip system accommodated most of the
strain in a VPSC simulation, even though the intensity of garnet CPOs was very weak.
Wadsleyite, a dominant mineral from 410 km to 520 km in depth, has a relatively
weak anisotropy, but mainly slips in [100]{0kl} and 1⁄2 〈111〉{101} at the transition zone
conditions (Thurel et al., 2003a, 2003b; Thurel and Cordier, 2003). The deformation-induced CPO of the wadsleyite increased as the strain increased, which was also observed in
the VPSC model. Interestingly, in this model, the predicted seismic anisotropy of the plastically-induced CPO showed weak anisotropy in horizontal flow, which is able to explain
the weak seismic anisotropy in the transition zone due to horizontal shear flow (Tommasi
et al., 2004).
The experimental or numerical studies of deformation-induced CPO for ringwoodite at the transition zone conditions are still absent. Instead, in compressive deformation experiments at room temperature and at high pressures, the 〈1̅10〉{111} slip system
was shown to be dominant (Wenk et al., 2004, 2005). One thing to notice from these studies
is that the transformed ringwoodite showed relatively random grain orientations in the beginning, which then intensified with deformation. This observation reveals that the phase
transformation effect on the CPO development should be considered for rheological modeling. In addition, using a Peierls-Nabarro model (Nabarro, 1947; Peierls, 1940) with ab
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initio calculations, Carrez et al. (2006) suggested that the favorable slip systems of ringwoodite are 1⁄2 〈110〉{110} and 1⁄2 〈110〉{111} at high pressures (20 GPa) with a low
temperature (0 K).
The seismic observations of the lower mantle anisotropy show almost isotropic texture distribution down to above D˝ region (Dziewonski and Anderson, 1981; Montagner
and Kennett, 1996). Due to experimental limitations, most data rely on alternative approaches including the use of analogue materials or numerical studies (e.g. ab initio calculations). For periclases (i.e., ferropericlase or magnesium oxide), Cordier et al. (2012) recently studied dislocation properties of magnesium oxide at lower mantle conditions using
an integrated multiscale modeling approach that connects information between the first
principle and the dislocation dynamics simulations. From this study, they concluded
1⁄2 〈110〉{110} and 1⁄2 〈110〉{100} slip systems can be simultaneously active throughout
the lower mantle. At high pressures at room temperature conditions, the 〈110〉{110} slip
system seems to be easiest to occur for both magnesium oxide and ferropericlase (Lin et
al., 2009; Wenk et al., 2006).
Regarding silicate perovskites, at high pressures at room temperature, Mg-perovskite experiments showed {012} texture development under deformation (Wenk et al.,
2004), and Cordier et al. (2004) proposed that 〈100〉 is the dislocation glide direction at the
uppermost lower mantle conditions. For Ca-perovskite, 〈110〉{11̅ 0} was shown to be the
easiest slip system from high pressure first-principle simulations (Ferré et al., 2009). Recently, several reports for post-perovskite have been reported since the post-perovskite is
believed to be a dominant mineral in the D" region where suddenly higher and complex
seismic anisotropic patterns appear. Miyagi et al. (2010) found that (001) is the dominant
20

slip plane not only after transformation but even after the deformation in their high pressure
experiments, which was confirmed by polycrystal plasticity simulations coupled with geodynamic convection simulations (Wenk et al., 2011). In contrast, the ab initio simulations
predicted the {110} slip plane to be the most favorable (Oganov et al., 2005).
2.1.3

Grain-Related Rheology
The influence of the grain size on the rheology and mechanical properties of the

mantle rock is extremely significant. In pure polycrystalline materials, the static grain
growth mechanism is basically controlled by the energy related to the grain boundary migrations at certain temperatures and pressures. Typically, as the temperature increases, the
thermodynamic driving force increases the grain size thus decreasing the total grain boundary area (i.e., grain boundary energy) when the condition is favorable. The driving forces
of the grain boundary migration are involved with the free energy difference among neighboring grains. The energy difference among the grains can be classified into a bulk free
energy difference, a dislocation energy difference (i.e., dislocation density difference), and
a surface tension (Karato, 2012).
In real materials, the grain growth is also influenced by the second phase materials
such as other mineral phases, impurities, porosity, and fluid inclusions. Once the grain
boundaries meet these secondary phases, the grain boundary migration is inhibited; this
phenomenon is called Zener pinning. In this context, the phase transformations of the mantle minerals can control the grain size of the mantle minerals as well. Because the grain
growth rate is sensitive to the volume fraction of the other phases, the grain size of each
phase in multiphase systems will be vastly different than the size in a pure single mineral
system.
21

The grain size can be reduced by dynamic recrystallization during deformation.
Also the grain size of a new mineral is small once the mineral is formed during the phase
transformation. The grain size reduction occurring within the subducting slabs can be responsible for the rheological instabilities that may be involved with the deep focus earthquakes (Riedel and Karato, 1997; Rosa et al., 2016; Rubie, 1984; Solomatov and Reese,
2008). The grain size reduction would activate grain size sensitive mechanisms such as
diffusional creep and grain boundary sliding creep, which can cause strain weakening of
the rock. Recently, dislocation-accommodated grain boundary sliding has been emphasized in several studies (Hansen et al., 2012b; Ohuchi et al., 2015) in terms of strain weakening in the upper mantle.
Another mechanism of importance is interactions between dislocations and grain
boundaries, which is also known as the Hall-Petch (Hall, 1951; Petch, 1953) for the yield
stress of polycrystalline material. These dislocation-grain boundary interactions can be particularly important in high stress and relatively low temperature conditions (likely in upper
mantle and subducted slabs). Because the grain size has a significant effect on the interactions between dislocations and grain boundaries (thus, giving the mantle’s strength), it is
necessary to simultaneously study the grain size related mechanisms and their cooperative
contributions on the strength of the mantle.
The following sections summarize the experimental status of static grain growth in
single and multiphase systems, dynamic recrystallization, and grain boundary sliding in the
mantle setting, as well as the discussion of their effect on the material strength in the context of structure-property relationships.
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2.1.3.1

Static Grain Growth in Single Phase Systems
For the case of normal grain growth, the grain size in crystalline rocks generally

grows in a parabolic manner with respect to time during an annealing process (Hillert,
1965). The general mathematical relationship between the grain size and time is expressed
by the following,
𝑘
𝑑̇ = 𝑛𝑑𝑛−1 ,

𝑑 𝑛 − 𝑑𝑟𝑛 = 𝑘(𝑡 − 𝑡𝑟 ),

(2.1)

where 𝑑 is the grain size at time 𝑡, 𝑑𝑟 the grain size at reference time 𝑡𝑟 , 𝑛 the exponent
(usually greater than 2), and 𝑘 the growth rate term depending on temperature and pressure.
Since the grain growth depends on the grain boundary energy, 𝑘 can be expressed as an
Arrhenius type equation with temperature and pressure using a following equation,
𝑑𝑛 − 𝑑𝑟𝑛 = 𝑘1 𝑒𝑥𝑝 (−

𝐸 ∗ +𝑃𝑉 ∗
𝑅𝑇

) (𝑡 − 𝑡𝑟 ),

(2.2)

where 𝑘1 is the growth rate constant, 𝐸 ∗ the activation energy, 𝑃 the pressure, 𝑉 ∗ the activation volume, 𝑅 the gas constant, and 𝑇 the absolute temperature. Using a least squares
method, the static grain growth data reported in the literature can be used to acquire the
constants and parameters for the grain growth of the mantle minerals. The authors of the
experimental studies usually attempted to fit individual data sets to get the best fitting result
for the individual data set. However, for material constants and parameters of the grain
growth kinetics to be used in actual mantle dynamics simulations, a unique and universal
constant and parameter set covering the wide temperature and pressure ranges for each
mineral phase is needed. Therefore, in this study, the model (Eqs. (2.1) and (2.2)) is cali-
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brated against available literature data to acquire one universal set of constants and parameters that can be used over the various temperature and pressure conditions for the whole
mantle.
Figure 2.3 shows the compilations of the grain growth data (marks) of each mantle
mineral and their calibrated model (lines) comparisons using Eq. (2.2) at the different pressures and temperatures. Since olivine is the most prevalent mineral in the mantle, several
groups have performed studies about its grain growth kinetics (Faul and Scott, 2006; Hiraga et al., 2010; Karato, 1989; Nichols and Mackwell, 1991; Ohuchi and Nakamura,
2007a; Tasaka and Hiraga, 2013). Despite many experimental attempts to quantify the
grain growth in olivine, many of the studies had limitations, some of which included samples with pores or fluid phases (Faul and Scott, 2006; Karato, 1989; Nichols and Mackwell,
1991; Ohuchi and Nakamura, 2007a). The pores or fluid phases included in the samples
influenced the grain growth rate controlling the grain boundary migrations (Evans et al.,
2001); thus, consistency among the grain growth data was not found. Hence, the grain
growth data from Hiraga et al. (2010) and Tasaka and Hiraga (2013) were only used in our
data calibration since the pores and the fluid effects were constrained well enough as expected in the real mantle in their experiments. Unfortunately, no pertinent experimental
data to accurately estimate the activation volume exists. Even the experiments of from Hiraga et al. (2010) and Tasaka and Hiraga (2013) do not provide a valid pressure dependence
because the pressure range was too narrow. For this reason, the activation volume value
for the olivine (or forsterite) was left as unknown in this study. More experimental data to
help quantify the activation volume or pressure dependence of the olivine grain growth is
required in order to validate the model.
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Figure 2.3

Static grain growth of the minerals of the Earth’s mantle in single phase systems: experimental data and the model calibrations

Experimental grain growth data (marks) in single phase materials and the associated model
calibrations (lines) using the grain growth kinetics equation. For olivine (Ol), the experimental data from Hiraga et al. (2010) and Tasaka and Hiraga (2013) were used. For pyroxenes (Px), the clinopyroxene (Cpx) data and the orthopyroxene (Opx) data are taken from
Ohuchi and Nakamura (2007a) and Skemer and Karato (2007), respectively. Nishihara et
al. (2006) reported the grain growth data for wadsleyite (Wd). Data of ringwoodite (Rw)
are from Yamazaki et al. (2005). H,2010: (Hiraga et al., 2010); T,2013: ((Tasaka and Hiraga, 2013); O,2007: (Ohuchi and Nakamura, 2007a); S,2007: (Skemer and Karato, 2007);
N,2006: (Nishihara et al., 2006); Y,2005: (Yamazaki et al., 2005); P,1970: (Paladino and
Maguire, 1970); Y,2010: (Yamazaki et al., 2010); Y,1996: (Yamazaki et al., 1996);
Y,2007: (Yoshino and Yamazaki, 2007); T,2009: (Tsujino and Nishihara, 2009); T,2010:
(Tsujino and Nishihara, 2010); Ol: olivine; Fo: forsterite; Px: pyroxene; Cpx: clinopyroxene; Opx: orthopyroxene; Wd: wadsleyite; Rw: ringwoodite.
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Figure 2.3 (continued)
For majorite (Mj), grain growth data obtained from Yamazaki et al. (2010) was used, but
yttrium iron garnet (YIG) data was additionally used to find the pressure dependence (Paladino and Maguire, 1970). Yamazaki et al. (1996) provided the grain growth data for the
bridgmanite (MgPv). Because bridgmanite is a dual phase material (MgPv + Mw), the data
from a single phase material was used to calibrate the model to the multiphase material.
Finally, the static grain growth data of the post-perovskite (Ppv) was obtained from
Yoshino and Yamazaki (2007). Due to lack of experimental data of the real mineral, CaIrO3
which is an analogue mineral, was used. The numbers in parenthesis next to the temperature represent the homologous temperature (T/Tm). For the magnesiowüstite, the grain
growth data at various temperatures and pressures was directly used for model calibration.
The pertinent data were taken from Tsujino and Nishihara (2010, 2009). P,1970: (Paladino
and Maguire, 1970); Y,2010: (Yamazaki et al., 2010); Y,1996: (Yamazaki et al., 1996);
Y,2007: (Yoshino and Yamazaki, 2007); T,2009: (Tsujino and Nishihara, 2009); T,2010:
(Tsujino and Nishihara, 2010); Gt: garnet; Mj: majorite; YIG: yttrium iron garnet; MgPv:
Mg-perovskite; Ppv: post-perovskite; Mw: magnesiowüstite.
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The pyroxenes are the second most abundant minerals in the upper mantle. Therefore, the grain growth kinetics of pyroxenes can play a significant role in controlling the
overall mechanical properties and rheology of the upper mantle rock. For orthopyroxene,
Hiraga et al. (2010), Skemer and Karato (2007), and Tasaka and Hiraga (2013) studied the
grain growth kinetics, but only Hiraga et al. (2010), Skemer and Karato (2007), and Tasaka
and Hiraga (2013) performed the experiments in the single phase system of the orthopyroxene, comparing the natural and synthetic samples. Though little data exists for static
grain growth experiments within clinopyroxene, Ohuchi and Nakamura (2007a) have studied the grain growth of diopside in the dual phase system which include forsterite. From
these experiments, the grain growth data of diopside in a single phase system could be
obtained.
In this model calibration, our motivation was to fully find the constants and the
parameters for the grain growth kinetics over wide temperature and pressure ranges. However, the experimental data of each type of pyroxene do not allow any possibility to find
the activation volume value. As a result, the activation volume for the grain growth kinetics
of the general pyroxene in the single phase system (see Table 2.2) was estimated from the
data of both the orthopyroxene and clinopyroxene.
Regarding wadsleyite and ringwoodite, Nishihara et al. (2006) and Yamazaki et al.
(2005) performed the grain growth kinetics experiments in the single phase system at near
mantle pressure and temperature conditions. Based on the data, the activation enthalpy, the
growth exponent, and the growth rate coefficient could be calibrated for each mineral.
However, the activation volume is lacking, because of the pressure dependence that is required.
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Table 2.2

Phasesa

Calibrated Static Grain Growth Constants and Parameters of the Mantle
Minerals in Single Phase System
Parameters

n

3

Referencesb

n

k1 (µm /s)

E*(kJ/mol) V*(cm /mol)

Ol (Fo)

4.0

1.93e18

625.4

–

H,2010; TH,2013

Px

2.4

1.68e23

698.0

26.6

Cpx (Di): ON,2007
Opx (En): SK,2007

Gt (Py)

–

–

–

–

N/A

Wd

3.0

5.83e16

727.9

–

N,2006

Gt (Mj)

5.7

2.05e17

539.6

3.8

Mj: Y,2010
YIG: PM,1970

Rw

4.3

8.65e5

390.9

–

Y,2005

MgPv (Br) 9.3

1.94e6

302.4

0.2 (CaTiO3)

MgSiO3: Y,1996
CaTiO3: W,1999

Ppv

4.6

3.56e9

257.1

–

CaIrO3: YY,2007

Mw (Fp)

2.7

2.04e8

271.4

4.4

TN,2009,2010

CaPv

–

–

–

–

N/A

a

Abbreviations for phases: Ol, olivine; Fo, forsterite; Px, pyroxene; Gt, garnet; Py, pyrope;
Wd, wadsleyite; Mj, majorite; Rw, ringwoodite; MgPv, magnesium perovskite; Br, bridgmanite; Ppv, post-perovskite; Mw, magnesiowüstite; Fp, ferropericlase; CaPv, calcium
perovskite
b
Abbreviations for experimental references: H,2010 (Hiraga et al., 2010; Tasaka and Hiraga, 2013), TH,2013 (Hiraga et al., 2010; Tasaka and Hiraga, 2013), ON,2007 (Ohuchi
and Nakamura, 2007a), SK,2007 (Skemer and Karato, 2007), N,2006 (Nishihara et al.,
2006), Y,2010 (Yamazaki et al., 2010), PM,1970 (Paladino and Maguire, 1970), Y,2005
(Yamazaki et al., 2005), Y,1996 (Yamazaki et al., 1996), W,1999 (Wang et al., 1999b),
YY,2007 (Yoshino and Yamazaki, 2007), TN,2009,2010 (Tsujino and Nishihara, 2010,
2009)
Garnet is also an important mineral in the upper mantle that is considered as one
candidate that may control the upper mantle’s strength due to its greater hardness (Karato
et al., 1995). Even though the mechanical properties of garnet are important in the mantle,
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little experimental data exists for its grain growth kinetics. Assuming the pyrolite composition, pyrope is a candidate of the garnet phase in the upper most mantle shallower than
about 300 km in depth (Ringwood, 1968); however, static grain growth data of the pyrope
in the mantle condition does not exist. For majorite garnet, which is considered as the second most abundant mineral phase in the transition zone, Yamazaki et al. (2010) researched
the static grain growth in nearly pure single phase (99% volume fraction majorite) and dual
phase systems with stishovite. In their study (Yamazaki et al., 2010), only one pressure
was used (18 GPa); consequently, more data obtained at different pressures are needed to
determine a more accurate activation volume parameter. To estimate an approximate activation volume, the grain growth data of yttrium iron garnet (YIG) were utilized. These data
were obtained from sintering experiments performed by Paladino and Maguire (1970).
In the lower mantle, strain localizations can occur between bridgmanite and magnesiowüstite, as observed by Girard et al. (2016) during their mechanical tests at high pressure and high temperature. As a result, the grain growth kinetics of both materials are crucial for determining the mechanical distinctions between the two minerals. Yamazaki et al.
(1996) studied grain growth kinetics for the bridgmanite and the magnesiowüstite with
results showing significantly lower growth rates for bridgmanite grains. The grain growth
exponent 𝑛 of Mg-perovskite was exceptionally greater (9.3) inferring more sluggish grain
boundary mobility than others (2.4 – 5.7). However, their experiments were focused on a
biphase system with magnesiowüstite; thus, more grain growth data for Mg-perovskite in
a single phase are needed to better quantify the grain growth exponent. Because of the lack
of data for Mg-perovskite, alternative ways to model the grain growth kinetics were explored for Mg-perovskite in its single phase. Fortunately, Wang et al. (1999b) reported
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grain growth in the multiphase system with various volume fractions using CaTiO3, which
is an analogue mineral. Thus, based on the multiphase data in the relationship of the grain
growth rate versus the volume fraction of the mineral (this relationship will be discussed
more in the following section), the grain growth rate in the single phase system of Mgperovskite could be predicted. These predicted single phase results are shown as dashed
lines in Figure 2.3 (MgPv). The pressure dependence was also determined from the model
calibration based on the reported data in Wang et al. (1999b).
The grain growth model for magnesiowüstite can be calibrated by using the experimental data from Tsujino and Nishihara (2010, 2009). In these studies, they tested the
grain growth rates at various pressures and temperatures corresponding to the locations
near the upper part of the lower mantle. The parameters and constants including the activation volume could thus be calibrated from their data.
As mentioned earlier, the post-perovskite (Ppv) is a stable phase near 200 km above
the CMB. However, it is very difficult to investigate a material’s grain growth at the lower
mantle conditions. Instead, analogue minerals similar to post-perovskite with the equivalent structure (orthorhombic with space group, Cmcm) can alternatively be used to indirectly determine the grain growth parameters. With this idea, data was taken from Yoshino
and Yamazaki (2007) who performed grain growth studies using CaIrO3. CaIrO3 is an analogue mineral with the same structure as post-perovskite at atmospheric pressure, and as
the pressure and temperature increases, CaIrO3 transitions to perovskite having an identical
structure as bridgmanite (Hirose and Fujita, 2005). Based on the Yoshino and Yamazaki
(2007) data, the grain growth parameters were determined for post-perovskite as shown in
Table 2.2.
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The calibrated parameters and constants for the grain growth kinetics of each constituent in the single phase systems are summarized in Table 2.2. In general, garnet and
bridgmanite undergo the slowest grain boundary migrations, which can be implied by the
grain growth exponents, whereas the grains of pyroxene and ferropericlase (magnesiowüstite) grew rapidly (i.e., lower values of the grain growth exponents). Also from Table
2.2, it appears that pyroxene has an exceptionally greater pressure sensitivity than the other
minerals; however, this can be due to errors coming from combining experimental data of
two different pyroxenes (orthopyroxene and clinopyroxene). Grain growth data of pyrope
and Ca-perovskite are currently not available in the literature; therefore, they are left as
unknown.
Note that the pertinent pressure dependent data used to estimate the activation volume is not available for most of the mantle minerals. More experiments or numerical studies that can provide the pressure sensitivity information are required to realistically model
the mantle dynamics.
2.1.3.2

Static Grain Growth in Multiphase System
In most of the mantle, the volume of pores can be ignored due to high pressures.

As a result, the roles of the second phases and water are considered as more important
factors than porosity when influencing the static grain growth (Evans et al., 2001; Karato,
1989; McDonnell et al., 2000; Nishihara et al., 2006). Several lab experiments on mantle
materials have been conducted for statically growing grains under a temperature rise in
multiphase material systems (mostly dual phases) (Hiraga et al., 2010; Ohuchi and Nakamura, 2007a; Tasaka and Hiraga, 2013; Yamazaki et al., 2010). Numerical approaches
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have also been tried (Solomatov et al., 2002), but no numerical model for static grain
growth of mantle constituents at the real mantle conditions currently exists.
In the multiphase material systems, Zener pinning occurs when a mineral inhibits
the migration of the grain boundaries of the other phases. Therefore, as the volume fraction
of a mineral increases, the mineral’s grain growth rate increases as well. Experimental data
agrees with this statement, with the majority of the grain growth experiments in multiphase
systems showing that the growth rate is a function of its volume fraction. Additionally,
previous research presents a mathematical function to relate the grain size to the temperature, pressure, and volume fraction. Based on the relationship between the grain size and
the volume fraction, Hiraga et al. (2010) used the variable volume fraction as a polynomial
form in an exponential function for the grain growth rate constant. Another approach by
Brodhag and Herwegh (2010) used the Zener parameter for both the growth exponent and
rate constant to model the grain growth in multiphase systems. In contrast to both papers,
an exponential form in the energy barrier related term is introduced and calibrated against
multiphase grain growth data of the mantle minerals. The proposed mathematical expression for the modified static grain growth kinetics in the multiphase system used in our study
comprehensively abstracts the literature data in the following form,
𝑑 𝑛 − 𝑑𝑟𝑛 = 𝑘0 𝑒𝑥𝑝 (−

𝐸 ∗ +𝑃𝑉 ∗
𝑅𝑇

+ 𝑎𝑣𝑓 𝑏 ) (𝑡 − 𝑡𝑟 ),

(2.3)

where 𝑘0 is the growth rate constant, 𝑣𝑓 is the volume fraction of the mineral itself, and 𝑎
and 𝑏 are constants related to the shape of curvature in the relationship between volume
fraction and the total growth rate 𝑘. Additionally, the constant 𝑏 determines the point
where the curve becomes steady state as volume fraction decreases. The total growth rate
term of Eq. (2.3) can be written as the following,
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𝑘 = 𝑘0 𝑒𝑥𝑝 (−

𝐸 ∗ +𝑃𝑉 ∗
𝑅𝑇

+ 𝑎𝑣𝑓 𝑏 ).

(2.4)

Figure 2.4 shows the multiphase static grain growth data of each mineral that are
available from the literature and their calibrated results using Eq. (2.3). The plots on the
right-hand side of Figure 2.4 show the relationship between the total grain growth rate and
the volume fraction of the minerals. The marks and lines represent experimentally determined data and calibrated data using Eq. (2.4), respectively. Note that as the volume fraction increases, the multiphase grain growth rate, k, increases.
For the grain growth kinetics of the olivine, Hiraga et al. (2010) and Tasaka and
Hiraga (2013) studied various volume fractions for the dual system of enstatite and forsterite. Based on the grain growth constants and parameters determined in the single phase
system (see Table 2.2), the constants 𝑎 and 𝑏 were determined using a least square fitting
method. As shown in Figure 2.4, the calibrated curves show good agreement with the experimental data of olivine.
Using data from Hiraga et al. (2010), the multiphase grain growth kinetics of orthopyroxene with respect to its volume fraction could also be found. In addition to the data,
the single phase data of the synthetic orthopyroxene from Skemer and Karato (2007) was
included. Since Ohuchi and Nakamura (2007a) performed experiments investigating the
volume fraction effects on the grain growth kinetics of clinopyroxene, their results were
directly used for the model calibrations based on the parameters found in each single phase.
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Static grain growth of the minerals of the Earth’s mantle in multiphase systems: volume fraction effect on the grain growth.

k represents the growth rate in the right plots. Experimental data are from Hiraga et al.
(2010) (H,2010), Tasaka and Hiraga (2013) (T,2013), Skemer and Karato (2007) (S,2007),
and Ohuchi and Nakamura (2007a) (O,2007). Abbreviations: Ol for olivine, Opx for orthopyroxene, and Cpx for clinopyroxene.
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Figure 2.4 (continued)
Experimental data are from Yamazaki et al. (2010) (Y,2010), Yamazaki et al. (1996)
(Y,1996), Tsujino and Nishihara (2009) (T,2009), Tsujino and Nishihara (2010) (T,2010).
Abbreviations: Mj for majorite, MgPv for Mg-perovskite, Mw for magnesiowüstite.

35

As mentioned in the previous section, Yamazaki et al. (2010) conducted research
on the static grain growth of a dual phase system with majorite and stishovite. Due to variable volume fractions in their experiments (i.e., 90–99 % of majorite), it was possible to
determine the grain growth rate constants for the volume fraction dependencies. However,
because the limited data had only two volume fractions, the exponent 𝑏 could not be estimated. Instead, since majorite is related to the pyroxenes in terms of the phase transformation, the average value of orthopyroxene and clinopyroxene’s data were used for the
exponent 𝑏.
Studies of the grain growth kinetics for the lower mantle minerals in various volume fractions are expected to be difficult due to the limitations of high pressure and high
temperature experiments. Even though Yamazaki et al. (1996) performed the experiments
at the lower mantle conditions showing some hints for the grain growth kinetics of bridgmanite, no volume fraction dependence could be included. However, based on the results
from Wang et al. (1999b) using an analogue mineral CaTiO3, the volume fraction related
constants could be estimated. Similarly, a limited number of grain growth experiments related to the volume fraction dependence for magnesiowüstite are available; hence, an average value among other minerals’ the constant 𝑏 (except the MgPv due to unusually high
value) was used for 𝑏 of the magnesiowüstite. This average value may show a possible
relationship between the grain growth rate and the volume fraction of the magnesiowüstite
without loss of generality. To establish accurate relationships, additional experimental or
numerical studies with various volume fractions are required.
The calibrated constants that show the relationship between the grain growth rate
and the volume fraction for each mantle constituent are summarized and compared in Table
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2.3. For most minerals (except Mg-perovskite) in Figure 2.4 and Table 2.3, the static grain
growth rate constant 𝑘 decreases rapidly as the volume fraction decreases from the pure
composition (i.e., volume fraction of 1.0) to an approximate volumetric fraction of 0.5–
0.6, where it then becomes steady state. In other words, when the volume of the mineral is
less than 50%, the grains grow very slowly and the growth rate is almost identical regardless of the volume fraction of the mineral. Therefore, it may be expected that the static
grain growth rate of the secondary minerals (e.g., pyroxenes, garnets, magnesiowüstite and
Ca-perovskite) in the real mantle would be very slow if one assumes homogeneous distributions of the minerals.
Interestingly, the grain growth rate of Mg-perovskite was quickly inhibited, reaching steady state at approximately 90% of the volume fraction. This also implies that the
grains of Mg-Perovskite would be very small because its volume fraction is less than 90%
in the lower mantle. However, its volume fraction sensitivity was indirectly determined by
an alternative mineral CaTiO3 (see Table 2.3); hence, direct measurements are required to
evaluate the volume fraction sensitivity to the grain growth rates of Mg-perovskite.
As shown in Table 2.3, the multiphase static grain growth data of the pyrope garnet,
wadsleyite, ringwoodite, post-perovskite and Ca-perovskite are vacant. Further data on
these phases are needed to study the effect of volume fraction on grain growth. Likewise,
additional multiphase grain growth data for majorite, bridgmanite and magnesiowüstite
will improve the estimated relationship between the growth rate and the volume fraction
of the material. Numerical simulations may also improve current knowledge of these multiphase materials.
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Table 2.3

Calibrated Static Grain Growth Constants for the Mantle Constituents in
Multiphase Material Systems

Phasesa

Parameters
k0 (µmn/s)

a

b

Ol (Fo)

1.2e15

7.4

5.3

H,2010; TH2013

Opx

1.5e17

13.9

3.2

H,2010; SK,2007

Cpx

1.6e21

4.7

6.5

ON,2007

Gt (Py)

–

–

–

N/A

Wd

–

–

–

N/A

Gt (Mj)

3.2e04

29.5

4.9 (avg of Px)

Y,2010

Rw

–

–

–

N/A

MgPv

2.7e05

7.2 (CaTiO3)

20.1 (CaTiO3)

MgSiO3: Y,1996
CaTiO3: W,1999

Ppv

–

–

–

N/A

Mw (Fp)

4.5e04

8.4

5.0 (avg)

TN,2009,2010; Y,1996

CaPv

–

–

–

N/A

Referencesb

a

Abbreviations for phases: Ol, olivine; Fo, forsterite; Opx, orthopyroxene; Cpx, clinopyroxene; Gt, garnet; Py, pyrope; Wd, wadsleyite; Mj, majorite; Rw, ringwoodite; MgPv,
magnesium perovskite; Br, bridgmanite; Ppv, post-perovskite; Mw, magnesiowüstite; Fp,
ferropericlase; CaPv, calcium perovskite
b
Abbreviations for experimental references: H,2010 (Hiraga et al., 2010); TH2013 (Tasaka
and Hiraga, 2013), SK,2007 (Skemer and Karato, 2007), ON,2007 (Ohuchi and Nakamura,
2007a), Y,2010 (Yamazaki et al., 2010), Y,1996 (Yamazaki et al., 1996), W,1999 (Wang
et al., 1999b), TN,2009,2010 (Tsujino and Nishihara, 2010, 2009)
2.1.3.3

Dynamic Recrystallization and Grain Boundary Sliding
Once a rock is plastically deformed, the crystalline material will form new grains

(by grain boundary migration and/or subgrains’ rotation) resulting in a decrease of the average grain size (Hughes and Hansen, 1995). This phenomenon is called dynamic recrystallization (DRX).
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During DRX, the material’s strength is affected by several competing mechanisms.
One weakening phenomenon during DRX occurs when grains with a relatively low dislocation density are formed (Brown and Bammann, 2012). The grains also undergo static
grain growth even during the dynamic deformation, further weakening the material. Also
grain size sensitive mechanisms such as diffusion creep and grain boundary sliding can
enhance the weakening. On the other hand, hardening mechanisms can occur during the
DRX process. The material can be hardened as the grain size decreases thus reducing the
distance for dislocations to interact. Ultimately, the material approaches a dynamic equilibrium state between the weakening and the hardening mechanisms producing a steadystate strength. In other words, the mechanical properties of the material during deformation
are simultaneously influenced by DRX and grain growth (De Bresser et al., 2001; Derby
and Ashby, 1987).
Many studies on olivine (Drury, 2005; Farla et al., 2013; Hansen et al., 2012b;
Karato et al., 1980), pyroxenes (AvéLallemant, 1978; Farla et al., 2013; Li et al., 2015;
Linckens et al., 2014; Mauler et al., 2000; Ross and Nielsen, 1978), and garnets (Li et al.,
2015) have shown that DRX occurs during deformation. However, the effects of the DRX
on material strength have not been well documented for minerals in the transition zone and
the lower mantle. Nevertheless, some experimental lab studies (Farla et al., 2015; Hustoft
et al., 2013; Kawazoe et al., 2010) for wadsleyite showed occurrences of DRX during deformation at mantle pressures and temperatures. The DRX in magnesiowüstite minerals
has also been observed in lab deformation experiments performed at modest pressures and
temperatures (Heidelbach et al., 2003) but has not yet been tested at lower mantle conditions.
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At a small enough grain size, grain boundary sliding (GBS) becomes an important
deformation mechanism because of the greater surface area to volume ratio. In the Earth’s
mantle, the grain growth of minerals is largely inhibited due to Zener pinning by other
minerals; therefore, studies about the grain size sensitive deformation mechanisms are extremely important to model real mantle dynamics. Strain weakening can be caused by GBS
and/or by diffusion creep at small grain sizes. Recently, experimental studies (Hansen et
al., 2012b; Ohuchi et al., 2015) have indicated that the dislocation-accommodated grain
boundary sliding (DisGBS) can be a dominant creep mechanism in upper mantle conditions. Because DisGBS can induce specific CPO, the result is further supported by seismological observations (Montagner and Kennett, 1996; Nicolas and Christensen, 1987; Raitt
et al., 1969) that show an anisotropic nature of the upper mantle. The DisGBS therefore
would be considered as the most dominant deformation mechanism in the upper mantle.
The effect of DisGBS on the stress of olivine (i.e., weakening) has been shown in the upper
mantle conditions (Hansen et al., 2012b; Ohuchi et al., 2015). However, the effect has been
poorly studied for other minerals in the entire mantle. Additional studies on DisGBS are
necessary to understand its contribution on the mantle strength.
2.1.3.4

Grain Size-Strength Relationship (Dislocation-Grain Boundary Interactions)
Plastically deformed crystalline materials like metals and rocks contain “line” de-

fects in which the atoms are dislocated from the perfect lattice orientation with respect to
each other, thus the name “dislocation” is used. During deformation, especially under deviatoric stresses, dislocations move on the slip (glide) planes or perpendicular (climb) to it.
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Since mobile dislocations interact with the grain boundaries, the material’s strength is controlled by these interactions. Once dislocations glide on the slip planes, the material’s
strength decreases as the thermodynamic energy is alleviated. By contrast, if the dislocations’ movements are interrupted by grain boundaries, then the material’s strength increases because more energy is required to overcome the energy barrier for their further
movements. Therefore, understanding the relationship between material strength and grain
size gives insight into the mechanical properties of the mantle rocks (Armstrong et al.,
1962; Gol’dshtein et al., 1979; Hansen, 2004a). In order to describe the relationship between the grain size and the material’s stress, the Hall and Petch (Hall, 1951; Petch, 1953)
proposed a relation using the square root of grain size as the following,
𝜎𝑦 = 𝜎0 + 𝑐𝑑 −0.5 ,

(2.5)

where 𝜎𝑦 is the yield stress, 𝜎0 the friction stress, 𝑐 the material constant, and 𝑑 the grain
size. This relationship can be further extended to the flow stress at a particular strain (Hansen, 2004a). On the other hand, Estrin and Mecking (1984) proposed the grain size dependent dislocation storage rate (i.e., hardening rate) dividing the hardening term by the grain
size as the following,
𝜕𝜌⁄𝜕𝜀 = 𝑐1 𝑑 −1 − 𝑐2 𝜌,

(2.6)

where 𝜌 is the dislocation density, 𝜀 the plastic strain, 𝑑 the grain size, 𝑐1 and 𝑐2 the constants. In this study, because the Hall-Petch relationship has not been well documented for
mantle minerals, the grain size and steady state stress during deformation (e.g., dynamically recrystallized grain size versus the steady state stress) from literature data will be used
when the yield stress or flow stress data are not available.
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To estimate the grain size dependence on the stress of the minerals, a modified grain
size dependence formula (Horstemeyer, 2012) was employed as
𝑧
𝑑
𝜎 = 𝜎0 ( 0⁄𝑑 ) ,

(2.7)

where 𝜎 is the stress, 𝜎0 the reference stress, 𝑑0 the reference grain size, 𝑑 the grain size,
and 𝑧 the exponent. The reference values are equivalent to the values at previous time step
in a time dependent models. This formula not only readily calibrates the experimental data
but also provides a mathematical flexibility when the grain size effect applied to the material hardening or yield stress in a constitutive model. Based on Eq. (2.7), one may estimate
and compare the effect of the grain size on the material stress, using the exponent 𝑧. Because the reference values of the stress and the grain size are used for each experimental
data set, Eq. (2.7) can simultaneously be applied to many experimental data sets even in
different experimental conditions.
Figure 2.5 shows the experimental data and model calibration results using Eq.
(2.7). Both columns display the same data, with the column in the right hand side using a
logarithmic scale on both axes. Several experiments have been published showing the relationship between the grain size and the stress of olivine (Hansen et al., 2012b; Karato et
al., 1980; Van der Wal et al., 1993). For orthopyroxene, the grain size piezometer data
showing the relationship between stress and grain size at the steady-state during the DRX
was taken from Boullier and Gueguen (1975), Linckens et al. (2014), and Skemer and
Karato (2008). In the case of clinopyroxene, the grain size-yield stress relationship was
quantified by mechanical studies conducted by AvéLallemant (1978) at modest temperatures and pressures.
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The relationship between the flow stress and grain size of the mantle minerals.

Both columns show the same data, with the right column using logarithmic scale axes.
H,2012: (Hansen et al., 2012b); K,1980: (Karato et al., 1980); V,1993: (Van der Wal et al.,
1993); S,2008: (Skemer and Karato, 2008); B,1975: (Boullier and Gueguen, 1975); L,2014:
(Linckens et al., 2014); A,1978: (AvéLallemant, 1978); L,2009: (Li et al., 2009)
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Figure 2.5 (continued)
K,2013: (Kawazoe et al., 2013); F,2015: (Farla et al., 2015); H,2003: (Heidelbach et al.,
2003); C,1965: (Copley and Pask, 1965); V,1964: (Vasilos et al., 1964); Ol: olivine; Opx:
orthopyroxene; Cpx: clinopyroxene; Gt: garnet; YAG: yttrium aluminum garnet; Wd:
wadsleyite; Pc: periclase (magnesiowüstite and magnesium oxide)
As shown in Figure 2.5 and Table 2.4, the slopes of the pyroxenes are the steepest
among the minerals (i.e., highest values of the exponent 𝑧), which implies that the strength
of pyroxenes has a greater dependence on the grain size compared to other minerals. Therefore, the strain weakening or localization can be somewhat controlled by the grain size
change of pyroxenes, especially in the upper most mantle or subducted slabs where the
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dislocation-grain boundary interactions can be more active. Conversely, the grain size effect on garnet was smaller compared to other minerals (Copley and Pask, 1965; Heidelbach
et al., 2003; Li et al., 2009; Vasilos et al., 1964). However, recall that the garnet data was
taken from yttrium aluminum garnet (YAG), which may lead to a large uncertainty associated with that data. As such, experimental data using mantle garnets such as pyrope and
majorite are needed to better estimate grain size-stress relationship.
Even though there are limited data for minerals in the transition zone and the lower
mantle, the grain size-stress relationships for wadsleyite and periclase (i.e., magnesiowüstite and magnesium oxide) have been found from lab deformation experiments by several authors as shown in Figure 2.5 (Copley and Pask, 1965; Farla et al., 2015; Heidelbach
et al., 2003; Kawazoe et al., 2013; Vasilos et al., 1964). The grain size effect on the stress
of the periclase was relatively small compared to other mantle minerals. However, this may
be a result of the experiments for the periclase that were conducted at only high temperatures; therefore, the grain size-strength relation of the periclase in the lower mantle is still
unknown. The effect from interactions between dislocations and grain boundaries is usually overlooked in research for the deep mantle minerals due to the high temperatures present. However, this effect may even be possible in the lower mantle because the high pressure generally raises the activation energy barrier for dislocation mobility competing with
the high temperature effect. The calibrated exponents for the mantle minerals are summarized in Table 2.4.
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Table 2.4

Calibrated Exponent z for the Grain Size Dependence Related to the Stress
in Each Mantle Mineral

Phasesa

z

Referencese

Ol

0.8

H,2012; K,1980; V,1993

Opx

1.2

BG,1975; L,2014; SK2008

Cpx

1.4

A,1978b

Gt

0.5

L,2009c

Wd

0.6

F,2015; K,2013

Rw

–

N/A

MgPv

–

N/A

Ppv

–

N/A

Mw (Fp)

0.5

CP,1965d; H,2003; V,1964d

CaPv

–

N/A

a

Abbreviations for phases: Ol, olivine; Fo, forsterite; Px, pyroxene; Gt, garnet; Wd, wadsleyite; Rw, ringwoodite; MgPv, magnesium perovskite; Ppv, post-perovskite; Mw, magnesiowüstite; Fp, ferropericlase; CaPv, calcium perovskite
b
diopside
c
yttrium aluminum garnet (YAG)
d
magnesium oxide
e
Abbreviations for experimental literature: H,2012 (Hansen et al., 2012b); K,1980
(Karato et al., 1980); V,1993 (Van der Wal et al., 1993); BG,1975 (Boullier and
Gueguen, 1975); L,2014 (Linckens et al., 2014); SK2008 (Skemer and Karato, 2008);
A,1978 (AvéLallemant, 1978); F,2015 (Farla et al., 2015); K,2013 (Kawazoe et al.,
2013); CP,1965 (Copley and Pask, 1965); H,2003 (Heidelbach et al., 2003); V,1964 (Vasilos et al., 1964)
From the summarized experimental data, grain boundary strengthening clearly affects the material strength during deformation with the strength having an inverse relationship with grain size. However, counteracting mechanisms such as the grain boundary sliding and diffusional creep also exist especially at high temperatures. Therefore, it is im-
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portant to quantify the net effect of combining the weakening by grain size sensitive mechanisms and the hardening by the dislocation-grain boundary interactions. Since the mantle
has the pressure variable competing with the temperature, the hardening effect may not be
trivial.
2.1.4

Water Effect
Several geophysical and geochemical studies have suggested that the mantle may

contain water. From geochemical research, most ocean island basalt (OIB), which is typically believed as driven from deep mantle plumes, contains higher water content than midoceanic ridge basalt (MORB) (Dixon et al., 2002; Hirth and Kohlstedt, 1996; Moore,
1970). Seismological data (Kawakatsu and Watada, 2007; Meijde et al., 2003; Ohtani,
2005) and electrical conductivity studies (Huang et al., 2005; Karato, 2011) also show that
water exists in the mantle. Subduction zones are generally considered to be the water-supplying region for the mantle; however, Dixon et al. (2002) showed that basalt from plumes
containing subducted slabs has less water content than the basalt from typical deep mantle
plumes. This arises because the slab releases a considerable amount of water experiencing
metamorphisms during the subduction process within the shallow upper mantle. This observation in Dixon et al. (2002) implies that subduction might not be a main water-supplying mechanism for the deep mantle because the water concentration of the subducted slabs
is too low to explain the distributed water content over the entire mantle. Therefore, the
mechanisms associated with the water entrance into the deep mantle and its distribution
remain unclear.
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2.1.4.1

Hydrogen Solubility and Weakening Effect
Hydrogen and oxygen ions can be dissolved into vacancies at M-sites (sites for

metal ions), Si-sites, O-sites, and interstitials in mantle minerals (Karato, 2012). Research
on the solubility of hydrogen into minerals in the upper mantle and transition zone has
shown that the maximum solubility of olivine is ~0.1 wt% (Kohlstedt et al., 1996), wadsleyite ~3.0 wt% (Inoue et al., 1995; Kohlstedt et al., 1996), and ringwoodite ~2.7 wt%
(Inoue et al., 1998; Kohlstedt et al., 1996). For orthopyroxene (enstatite), a maximum solubility of 0.08 wt% at a pressure of 8 GPa was observed (Rauch and Keppler, 2002). The
water solubility of the mantle garnets has also been observed. The water solubility of a
pyrope garnet was reported as 0.02 wt% at 10 GPa and 1273 K in pressure and temperature
by Lu and Keppler (1997), whereas Mookherjee and Karato (2010) recently reported the
solubility up to 0.1 wt% at similar conditions. The water solubility of majorite is about 0.1
wt% at the transition zone conditions (Katayama et al., 2003). When it comes to the lower
mantle minerals, Murakami et al. (2002) performed high pressure and temperature experiments using multi-anvils, and showed Mg-perovskite, magnesiowüstite, and Ca-perovskite
can contain a maximum of 0.2, 0.2, and 0.4 wt% of hydrogen, respectively. The transition
zone minerals have a much higher maximum solubility compared to other minerals, with
wadsleyite and ringwoodite having greater solubility than the other mantle minerals by one
to two orders of magnitude. Hence, the mantle transition zone is considered to be the major
water storage region in the entire mantle.
When water is dissolved into minerals, the rheological properties (e.g., strength,
plasticity, viscosity, grain growth, etc.) are affected by the chemical bonding that the water
introduces. For example, the hydrogen effect on the deformation of olivine has been well
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studied (Chen et al., 1998; Chopra and Paterson, 1984; Mei and Kohlstedt, 2000a, 2000b).
A common observation among these studies was that the strength of olivine was markedly
reduced under water-saturated conditions. In creep tests, as the water concentration (fugacity) increased, the deformation (i.e., a higher plastic strain rate) also increased. Possible
water weakening mechanisms may occur as a result of the dislocations that glide easier due
to hydrolysis of Si-O bonds (proposed by Griggs (1974)) and/or the migration of inherent
point defects enhanced by the water.
Pyroxenes are also weakened by water. Hier-Majumder et al. (2005) reported that
the creep rate of clinopyroxenite was about 30 times faster under water-saturated conditions than under dry conditions, which shows a possibility of significant strain weakening
of clinopyroxenes. Enstatite is weakened by water as well, with Mackwell (1991) mentioning that enstatite may be weakened by water even more than olivine.
As mentioned earlier, the mantle transition zone may contain a large amount of
water based on geophysical observations and the higher solubility of the constituents. Compared to water-poor wadsleyite, the strength of wadsleyite was reduced by 1/3 when water
was introduced (Hustoft et al., 2013). However, Chen et al. (1998) reported only a slight
degree of water-weakening that occurred in their deformation experiments. Kavner (2003)
compared the yield strength of hydrous ringwoodite to that of anhydrous ringwoodite from
Kavner and Duffy (2001), showing that the hydrous ringwoodite was much weaker. With
respect to the strength of garnet, it was shown that garnet was more sensitive to water than
olivine. Katayama and Karato (2008) showed that garnet is stronger than olivine under dry
conditions but is weaker under hydrous conditions. Consequently, at subduction zones or
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other hydrous regions, garnet may play a role in reducing viscosity of the mantle. Systematic studies comparing the water sensitivity among the transition zone minerals including
garnet may shed light on understanding the rheological properties in the water-rich transition zone. Although there are some studies of the water effects on upper mantle minerals,
very little knowledge of water’s effect on the lower mantle minerals exists. Since there is
the possibility of water existence, the deformation studies for lower mantle minerals associated with the water effect can be important for understanding their rheological behavior
in realistic mantle conditions.
2.1.4.2

Hydrogen Effect on Grain Growth, Anisotropy and Embrittlement
The water effect on the grain growth of the mantle minerals has been quantified by

several researchers (Hier-Majumder et al., 2005; Karato, 1989; Mei and Kohlstedt, 2000b;
Nishihara et al., 2006; Ohuchi and Nakamura, 2007b). Generally, as the water concentration increases, the grain growth rate (grain boundary migration) increases. This is not true
if the material includes water-filled pores because the pores act like second phase particles,
which pin the migrating grain boundaries.
Water can also control the CPO (or texture) of mantle minerals. Dominant slip
mechanisms of olivine were varied depending on the water and the stress conditions (Jung
et al., 2006; Jung and Karato, 2001a; Katayama et al., 2004; Ohuchi and Irifune, 2013).
From mantle xenolith studies, Jung et al. (2010) reported that the CPO of orthopyroxene
can also be altered by the addition of water, decreasing the intensity of the CPO.
Even if water increases the ductility, it may also introduce the counter effect of
hydrogen embrittlement. The embrittlement by hydrogen has been observed in metals
(Aucouturier, 1982; Djukic et al., 2014). The hydrogen nucleates cracks and also affects
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the dislocations that decrease the work hardening rate (Robertson, 2001). Grain boundaries
have been recently reported as possible spaces that contain incompatible elements (Hiraga
et al., 2004; Hiraga and Kohlstedt, 2009). As a result, when water is introduced to polycrystalline materials, the grain boundaries may store the hydrogen, which is considered an
incompatible element (Dixon et al., 2002). The stored hydrogen in the grain boundaries
and/or intracrystalline regions can cause brittle failure of the rock. The occurrence of the
hydrogen embrittlement in Earth’s minerals has been suggested by some authors (Cuthrell
and Randich, 1979; Demouchy, 2010; Lee and Kirby, 1984). In particular, an experiment
on single crystal topaz, which is an aluminous silicate mineral, at a confining pressure of
1.5 GPa and temperature of 1073 K exhibited embrittlement due to intracrystalline water
(Lee and Kirby, 1984). This experiment demonstrated that hydrogen embrittlement can be
a candidate that explains the deep focus earthquake mechanisms.
Although the influences of the water (hydrogen) on the rheological behaviors of the
minerals are important, only limited rheological data are available. Given that the water
content can drastically change the rheological behavior of the mantle minerals, the effect
of the water needs to be taken into consideration for geodynamic modeling. Furthermore,
better knowledge of the current distribution of the water content in the entire mantle which
can be inferred from geochemical/geophysical observations is needed for additional accuracy.
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2.2
2.2.1

Mechanical Properties
Elasticity (Isotropy and Anisotropy)
This section summarizes several studies have been performed to understand the

elastic properties of mantle minerals at high pressures and temperatures. Different approaches of obtaining elastic properties have included lab studies, seismological observations from the Earth’s mantle, and the effect of plastic deformations on elasticity. Plasticity
is fundamentally influenced by the crystals’ structures and elastic anisotropy that give rise
to the elastic moduli (Karato, 2012). Since elastic moduli (and associated anisotropy) vary
at different depths, the influence of the elastic properties on the plastic deformations is
significant for the deformation models (Wenk et al., 2011).
In this section, the single crystal elastic moduli, the elastic anisotropy, and the polycrystalline aggregate’s elastic moduli of the mantle minerals at high pressures and high
temperatures are summarized. Although a considerable amount of literature about the elasticity at either high pressure or high temperature exists, this study focuses on acquiring data
conducted at both high pressure and high temperature. Because technical limitations exist
on performing simultaneously high pressure and high temperature experiments, results
from numerical studies were also included.
Table 2.5 and Table 2.6 show lab elasticity data from the literature for single crystal
and polycrystalline aggregates of each mantle mineral, respectively. To compare depth effects on the elastic properties, the elastic moduli data at shallow and deep Earth conditions
on the mantle adiabat are presented. For determining the elastic anisotropy of a single crystal, the polarization anisotropy (specifically transverse anisotropy) VSH/VSV was used
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(Karato, 2012), where VSH and VSV are the horizontal and the vertical shear wave velocities, respectively.
Mao et al. (2015) studied the elasticity of single crystal San Carlos olivine
(Mg0.9,Fe0.1)2SiO4 at various pressures and temperatures. Based on experimentally determined elastic moduli, they showed that the degree of anisotropy slightly decreased as the
depth increased. Using first-principles calculations, Núñez-Valdez et al. (2013) studied the
elastic moduli for olivine and wadsleyite polycrystalline in a wide range of pressures and
temperatures, simultaneously. Their results indicate that as the depth increases, the shear
modulus only slightly increases but the bulk modulus prominently increases.
Even though orthopyroxene data exists at ambient conditions (Duffy and Vaughan,
1988) and at either high pressure or high temperature (Frisillo and Barsch, 1972; Jackson
et al., 2007), no data at both high pressures and high temperatures currently exist. As a
result, the data at comparable mantle conditions could not be included. For clinopyroxene,
Li and Neuville (2010) performed an experimental study for aggregate diopside using a
combined ultrasonic interferometry and X-ray diffraction method at high pressures (~8
GPa) with a modest temperature range (300–1100 K). For single crystal elasticity of the
clinopyroxene, no data at simultaneous high pressures and high temperatures are available,
but data at ambient conditions are available (Collins and Brown, 1998). When comparing
between the clinopyroxene (diopside) and the orthopyroxene (enstatite), one can observe
that the intensity of elastic anisotropy of the diopside was less than the enstatite at ambient
conditions.

53

Table 2.5

Ph.a

Ol
Opx
(En)
Cpx
(Di)
Gt
(Py)

Elastic Constants of Single Crystals from Experiments and Numerical
Studies near the Mantle Conditions and Elastic Anisotropy for the Mantle
Constituents

Single crystal elasticity
c
Conditionsb Cij (GPa)
P
T
11
22
(GPa) (K)
0
300
320 197
2
900
314 191
0
300
229 167
0

300

238

0
14

300
293
1,800 325

184

33

44 55 66 12 13 23

232
224
194

63
61
80
–
77
–
87
92

230

A*d

Ref.j

77 80 71 71 76 1.114
M,2015i
74 73 69 73 75 1.105
76 77 74 50 47 0.944 DV,1988i
N/Ae
73 82 84 80 60 0.985 CB,1998f, i
N/Ae
157
0.944
H,2016g
183
0.941

Wd

–

N/A

Gt
(Mj)

–

N/A

Rw
MgPv
Mw
CaPv
Ppv

13
25

1,500 357
2,000 408

122
124

25
125
25
135
25
117

2,000
2,800
2,000
3,000
2,000
3,000

186 180 157 216 210 232 0.984
W,2004g
309 257 295 560 447 483 0.951
152
139
0.984
K,2000g
201
300
1.287
230
190
0.887 O,2013h
301
486
0.903 L,2006h

129

2,900 1,237 868

538 598 558
889 1,100 1,092
424
1,230
454
866

149
177

0.962
L,2006h
0.983

1,195 277 228 360 453 333 494 1.143 Z,2016h

Abbreviations: Ol, olivine; Opx, orthopyroxene; En, enstatite; Cpx, clinopyroxene; Di, diopside; Gt, garnet; Py,
pyrope; Wd, wadsleyite; Mj, majorite; Rw, ringwoodite; MgPv, magnesium perovskite; Br, bridgmanite; Mw,
magnesiowüstite; CaPv, calcium perovskite; Ppv, post-perovskite
b
The pressure and temperature correspond to the typical geotherm, but, if data is not available, the closest conditions to the geotherm were used
c
Cij: elastic constants
a

A*: transverse anisotropy,

d

𝑉𝑆𝐻
𝑉𝑆𝑉

𝐶11 +𝐶22 −2(𝐶12 −2𝐶66 )

=√

4(𝐶44 +𝐶55 )

in the [001] direction (Karato, 2012)

No available high pressure and temperature data
Sample composition: Di72He9Jd3Cr3Ts12, Crystal system: monoclinic; 13 elastic constants (in GPa): C 15=9,
C25=10, C35=48, C46=8
g
Density Functional Theory (DFT) data
h
ab initio molecular dynamics (AIMD) data
i
Experimental data
j
Abbreviations for references: M,2015 (Mao et al., 2015), DV,1988 (Duffy and Vaughan, 1988), CB,1998 (Collins and Brown, 1998), H,2016 (Hu et al., 2016), L,2006 (Li et al., 2006c), W,2004 (Wentzcovitch et al., 2004),
K,2000 (Karki et al., 2000), O,2013 (Ono, 2013), L,2006 (Li et al., 2006e), Z,2016 (Zhang et al., 2016)
e
f
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Another important mineral phase in the upper mantle is pyrope garnet. Using DFT,
Hu et al. (2016) recently performed numerical studies to determine the elastic properties
of pyrope over a wide range of pressures and temperatures. The pyrope’s elastic moduli
were significantly greater compared to other minerals in the upper mantle. Interestingly,
the anisotropy of the pyrope increased with depth, which is contrary to the anisotropy in
the minerals of the olivine subsystem that decreased with depth.
Limited elastic data are currently available for minerals in the mantle transition
zone. However, Li et al. (2006c) performed ab initio molecular dynamics (AIMD) calculations to estimate the elastic moduli for ringwoodite at high pressures and temperatures.
As the Earth’s depth increases, ringwoodite’s elastic anisotropy slightly decreases. Single
crystal elastic constants for wadsleyite and majorite garnet are still not available, but some
researchers have quantified the polycrystalline elasticity of wadsleyite, ringwoodite, and
majorite (Irifune et al., 2008; Núñez-Valdez et al., 2013, 2012). Data show that at a temperature of 1900 K and a pressure of 18 GPa, majorite garnet has a much lower Young’s
modulus than ringwoodite.
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Table 2.6

Phases

a

Ol
Opx (En)
Cpx (Di)
Gt (Py)
Wd
Gt (Mj)
Rw
MgPv
Mw
CaPv
Ppv

Elastic Moduli of Polycrystalline Materials from Experiments or Numerical
Studies near the Mantle Conditions for the Mantle Constituents
Polycrystalline elasticity
Conditions
P (GPa) T (K)
0
300
13
1,700
0
300

–

Gb
(GPa)

Ksc
(GPa)

75
78
74

127
164
102

73
71
89
94

116
131
169
197

0
5
0
14

300
1,073
300
1,800

13

1,700

102

200

16
18
18
25

1,850
1,900
1,900
2,000

95
100
119
125

147
157
238
262

25
125
25
135
25
117
129

2,000
2,800
2,000
3,000
2,000
3,000
2,900

172
274
147
283
183
257
314

336
670
233
611
278
636
663

a

Referencesh
N,2013e
DV,1988g
N/Ad
LN,2010g
H,2016e
N,2013e
I,2008g
N,2012e
W,2004e
K,2000e
O,2013f
L,2006f
Z,2016f

Abbreviations: Ol, olivine; Opx, orthopyroxene; En, enstatite; Cpx, clinopyroxene; Di,
diopside; Gt, garnet; Py, pyrope; Wd, wadsleyite; Mj, majorite; Rw, ringwoodite; MgPv,
magnesium perovskite; Mw, magnesiowüstite; CaPv, calcium perovskite; Ppv, post-perovskite
b
G: shear modulus
c
Ks: adiabatic bulk modulus
d
No available high pressure and temperature data
e
Density Functional Theory (DFT) data
f
ab initio molecular dynamics (AIMD) data
g
Experimental data
h
Abbreviations for references: N,2013 (Núñez-Valdez et al., 2013), DV,1988 (Duffy and
Vaughan, 1988), LN,2010 (Li and Neuville, 2010), H,2016 (Hu et al., 2016), N,2013
(Núñez-Valdez et al., 2013), I,2008 (Irifune et al., 2008), N,2012 (Núñez-Valdez et al.,
2012), W,2004 (Wentzcovitch et al., 2004), K,2000 (Karki et al., 2000), O,2013 (Ono,
2013), L,2006 (Li et al., 2006e), Z,2016 (Zhang et al., 2016)
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More interestingly, the bulk modulus of pyrope garnet is greater than majorite garnet even when the majorite is under a greater pressure with comparable temperature. Because majorite is formed by dissolved pyroxenes into pyrope, the weaker rigidity of the
majorite than the pyrope may possibly be interpreted as the elastic rigidity reduction by
pyroxenes. Majorite, which is the second most dominant mineral in the overall transition
zone, may induce weakening of the rock strength.
For lower mantle minerals, numerical studies have been used to understand the
elastic properties at the lower mantle conditions. Wentzcovitch et al. (2004) simulated the
elasticity of Mg-perovskite in a wide range of pressures and temperatures using DFT while
assuming no iron content. Interestingly, the elastic anisotropy slightly increased in the
deeper mantle than near the transition zone. The similar pattern can also be observed in
magnesiowüstite, which comparatively showed a greater increase in anisotropic intensity
(Karki et al., 2000). However, the lower mantle is generally believed to be highly isotropic
unlike the single crystal anisotropy of the Mg-perovskite and the magnesiowüstite. There
may be two possible reasons that explain the mechanisms which reduces the anisotropy of
the multiphase polycrystalline mantle rock. First, the lower mantle minerals have predominantly been deforming in diffusion creep, which preserves the randomly oriented primordial single crystals (so polycrystalline mantle rock has a weak anisotropy). Also, only the
localized regions (e.g., subducting slabs and plumes) are deforming, causing the crystal
orientations of most lower mantle rocks to remain the same without the CPO evolution.
This results in an overall anisotropy of the lower mantle that is almost isotropic. Secondly,
the average CPO in plastically deformed aggregates of the lower mantle simply shows the
weak anisotropy assuming a homogeneous distribution of the minerals. In either case, more
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investigation is needed. In particular, the elastic anisotropy from deformation-induced plastic anisotropy (CPO) in multiphase material systems needs to be systematically investigated to understand how plastic deformation influences the overall anisotropy of the multiphase aggregates. For post-perovskite, Zhang et al. (2016) performed a numerical study
of the single crystal elastic moduli showing that the single crystal elastic anisotropy of the
post-perovskite was greater than that of the Mg-perovskite. The remarkably high and heterogeneous anisotropy at the D˝ region might possibly reflect the high anisotropy of the
single crystal post-perovskite. However, deformation-induced CPO of subducted material
and the adjacent lower mantle rocks and/or shape-preferred orientation (SPO) due to laminated rocks may also produce the high and heterogeneous anisotropy at the D˝ region
(Wenk et al., 2011). Ca-perovskite is also an important mineral phase in the lower mantle.
The elasticity of Ca-perovskite has also been investigated by using AIMD (Li et al., 2006e;
Ono, 2013). The single crystal’s elastic anisotropic data showed that the intensity of the
anisotropy decreased as the depth increased, which is opposite of the Mg-perovskite and
the magnesiowüstite but similar pattern to olivine and ringwoodite.
In summary, besides pryope garnet, the elastic anisotropy of most of the upper mantle minerals decreases as the depth increases. The anisotropic intensity of the pyrope garnet
slightly increases as the depth increases. However, for most of the lower mantle minerals,
excluding Ca-perovskite, the anisotropy intensity increases as the depth increases. Additionally, the elastic moduli of polycrystalline majorite garnet are significantly less than
other minerals in the transition zone. Interestingly, the elastic moduli of majorite are even
lower than pyrope garnet which is stable in the upper mantle. In the lower mantle, magnesiowüstite is the least rigid phase, while Ca-perovskite also has relatively low values of the
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moduli compared to Mg-perovskite and post-perovskite at similar environmental conditions.
2.2.2
2.2.2.1

Stress-Strain Behavior
Summary of Stress-Strain Behavior in High Pressure-Temperature Conditions
The stress-strain curves are summarized and compared among the mantle minerals

to understand the overall mechanical behavior of the minerals in different thermomechanical conditions. Numerous lab experiments for rock deformations have been performed for
olivine (e.g., Chopra and Paterson, 1984, 1981; Hansen et al., 2012b, 2012a; Li et al.,
2006b; Nishihara et al., 2008; Ohuchi et al., 2015), pyroxene (e.g., Kirby and Kronenberg,
1984; Ohuchi et al., 2011; Ross and Nielsen, 1978), and garnet (e.g., Wang et al., 1996).
For deeper mantle materials, advanced modern experimental apparatuses such as
deformation-DIA (D-DIA) and rotational Drickamer apparatus (RDA) have helped to investigate the deformational behaviors of minerals in the transition zone and the lower mantle conditions (for garnet, Li et al. (2006a) and Mei et al. (2010); for wadsleyite, Hustoft et
al. (2013), Kawazoe et al. (2011, 2010), and Nishihara et al. (2008); for ringwoodite, Hustoft et al. (2013), Kawazoe et al. (2016), and Miyagi et al. (2014); for Mg-Perovskite,
Girard et al. (2016); for magnesiowüstite, Girard et al. (2016) and Heidelbach et al.
(2003)). Even though the data have large degrees of uncertainty at extreme conditions, their
general stress-strain behavior can be approximately compared.
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Stress-strain behavior of olivine aggregates in various temperature, pressure, strain rate, and stress states

(b) and (c) are local magnified views of short strain data of (a). In the legend, C represents
the uniaxial compression tests (open symbols), T the uniaxial tension tests (half-solid symbols), S the shear or torsion tests (solid symbols). The mark shapes, colors, and line styles
represent different pressures, temperatures, and strain rates, respectively. Note that torsional softening was observed in most torsion experiments. Also, stress reduction due to
the dynamic recrystallization is shown at higher temperatures than 1,400K and pressure of
300 MPa, particularly in torsion under large strains (see (c)). H,2012a: (Hansen et al.,
2012a); H,2012b: (Hansen et al., 2012b), N,2008: (Nishihara et al., 2008); O,2015:
(Ohuchi et al., 2015); L,2006: (Li et al., 2006b); C,1981: (Chopra and Paterson, 1981);
C,1984: (Chopra and Paterson, 1984).
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Stress-strain behavior of orthopyroxenes at various confining pressures,
temperatures, and strain rates

The curves with filled marks represent shear data taken from deformation experiments for
single crystal orthopyroxenes (i.e., enstatite (Mg0.91Fe0.01)SiO3) at a confining pressure of
1.3 GPa and at various temperature and strain rates (Ohuchi et al., 2011). Ross and Nielsen
(1978) performed uniaxial compression tests at 1 GPa in confining pressure, various temperature and strain rates using wet polycrystalline enstatite. In the legend, C and S represent
compression and shear tests, respectively. The colors, mark shapes, and line styles are for
showing temperature, pressure, and strain rate effects on the stress-strain behaviors, respectively. In addition, the filled marks represent shear test data. R,1978: (Ross and Nielsen, 1978), O,2011: (Ohuchi et al., 2011).
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Stress-strain behavior of polycrystalline clinopyroxene at various confining
pressures, temperatures, and strain rates

Data were taken from Kirby and Kronenberg (1984) who performed the compressional
deformation study for the clinopyroxenite (i.e., solid solution series between diopside and
hedenbergite). Colors, mark shapes, and line styles represent temperature, pressure, and
strain rate effects, respectively.
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Stress-strain behavior of garnets at various temperature, pressure, and strain
rate conditions

The deformation in the experiments was uniaxial compression (C). Colors, symbol shapes,
line styles show the temperature, pressure, and strain rate effects, respectively. Due to the
lack of experimental data, different garnets were also included: gadolinium gallium garnet
(Wang et al., 1996), pure pyrope (Li et al., 2006a), and natural garnet (Py31Al32Gr37) (Mei
et al., 2010). M,2010: (Mei et al., 2010), L,2006: (Li et al., 2006a), W,1996: (Wang et al.,
1996).
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Stress-strain behavior for polycrystalline wadsleyite near the mantle transition zone conditions.

S and C represent torsion (shearing) and uniaxial compression, respectively. C,S represent
the cases that the equivalent stress was calculated by including uniaxial compression stress
and shear stress together (since separate data was not given in their papers)and are shown
as half-filled marks. The filled marks represent shear data. Colors, mark shapes, line styles
show temperature, pressure, and strain rate effects, respectively. The data were obtained
from Hustoft et al. (2013), Nishihara et al. (2008), and Kawazoe et al. (2011, 2010). The
data from Kawazoe et al. (2010) and Nishihara et al. (2008) are of [240] plane, whereas
others are averaged values from different crystallographic planes. H,2013: (Hustoft et al.,
2013), N,2008: (Nishihara et al., 2008), K,2010: (Kawazoe et al., 2010), K,2011: (Kawazoe et al., 2011).
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Stress-strain behavior for polycrystalline ringwoodite near the mantle transition zone conditions.

S and C represent torsion (shearing) and uniaxial compression, respectively. C,S represents
the cases that the equivalent stress was calculated by including uniaxial compression stress
and shear stress together (since separate data was not given in their papers), which are
shown as half-filled marks. Colors, mark shapes, line styles show temperature, pressure,
and strain rate effects, respectively. The data are taken from published experimental reports
by Hustoft et al. (2013), Miyagi et al. (2014), and Kawazoe et al. (2016). Pressure values
that are given in these experiments represent the hydrostatic pressures. H,2013: (Hustoft et
al., 2013), M,2014: (Miyagi et al., 2014), K,2016: (Kawazoe et al., 2016).
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Stress-strain behavior of Mg-perovskite (bridgmanite) at lower mantle temperature and pressure conditions.

The deformation experiments were performed by the rotational Drickamer apparatus
(RDA) (Girard et al., 2016). S and C represent torsion (shearing) and uniaxial compression,
respectively. C,S represents the cases that the equivalent stress was calculated by including
both the uniaxial compression stress and shear stress (since individual compression and
shear data were not given in their paper), which are shown as half-filled marks. Colors,
mark shapes, line styles show temperature, pressure, and strain rate effects, respectively.
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Girard et al. (2016) studied the deformation of magnesiowüstite using RDA at the lower
mantle pressure and temperature. Heidelbach et al. (2003) also performed torsional deformation experiments for ferropericlase (Mg0.8Fe0.2)O at a 300 MPa confining pressure and
at various temperatures (1300 and 1400K). Crampon and Escaig (1980) showed the compressional stress-strain behaviors of periclase MgO at various temperature and strain rate
ranges but at ambient pressure. S and C represent the shearing (torsion) and uniaxial compressive tests, respectively. C,S represents the cases that the equivalent stress was calculated by including both of uniaxial compression stress and shear stress, which are plotted
as half-filled marks. Colors, mark shapes, line styles show the temperature, pressure, and
strain rate effects, respectively. G,2016: (Girard et al., 2016), H,2003: (Heidelbach et al.,
2003), C,1980: (Crampon and Escaig, 1980).
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In Figure 2.6, the stress-strain curves for polycrystalline olivine are compiled at
different pressures, temperatures, and strain rates. As the pressure and strain rate increased,
the strength of olivine increased, and as the temperature increased, the strength of olivine
also decreased. Furthermore, the stress state sensitivity has been observed showing different stress-strain behavior under compression, tension, and shear (torsion). Torsional softening, which arises from CPO (i.e., grains’ rotation), is clearly exhibited in Hansen et al.
(2012a) in Figure 2.6(c). Additionally, at greater temperatures approximately above 1,400
K, dynamic recrystallization and grain boundary sliding occurred.
Pyroxene experiments on enstatite (orthopyroxene) were performed by Ohuchi et
al. (2011) and Ross and Nielsen (1978). Using their compression and shear deformation
data, the stress state, pressure, temperature, and strain rate dependencies can be observed.
The stress under compression was much greater than under shear deformation illustrating
torsional softening. As the pressure and the strain rate increased and the temperature decreased, the stress of orthopyroxene increased (see Figure 2.7). Kirby and Kronenberg
(1984) performed the compressive deformation experiments for polycrystalline clinopyroxenites under various confining pressures (0.17–1.99 GPa), temperatures (673–1373 K),
and strain rates (1.1×10-3–1.1×10-6 s-1). Again, the strength increased as the pressure and
strain rate increased but decreased as the temperature increased. In addition, the stressstrain data of the clinopyroxene showed a greater strain rate sensitivity under higher temperatures than under lower temperatures. The stress-strain behaviors of the clinopyroxene
are shown in Figure 2.8.
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Because garnet is believed to control the rheology of the upper mantle in multiphase
material systems due to its higher strength, review on its mechanical behavior is very important. Stress-strain data for pyrope garnet (Li et al., 2006a), natural garnet (Mei et al.,
2010), and gadolinium gallium garnet (Wang et al., 1996) are shown in Figure 2.9; however, the data of majorite are not present. Data for the garnets showed that garnet is generally not as strong as other minerals (e.g., clinopyroxenite) at comparable pressures and
temperatures (see Figure 2.8 and Figure 2.9). This observation is consistent with Kavner
(2007), but inconsistent with Karato et al. (1995). Therefore, more mechanical studies are
needed to quantify garnet’s strength in upper mantle and transition zone conditions. In addition, garnet’s strength sensitivity to temperature is greater than its sensitivity to pressure
at comparable strain rates; this means that garnet could increase the overall strength in the
colder mantle regions like subducting slabs and deflected slabs in the transition zone.
Figure 2.10 and Figure 2.11 shows that the stress-strain behavior of polycrystalline
wadsleyite and ringwoodite at the transition zone conditions, respectively. From these data,
wadsleyite is more sensitive to temperature than pressure and is also stronger than ringwoodite at the phase boundary where they exist together. This is evident when comparing
wadsleyite’s data at a pressure of 17 GPa and a temperature of 2,100 K with ringwoodite’s
data at a pressure of 17.3 GPa and a temperature of 1,700 K. This observation suggests that
geodynamics models should include a multiphase composition throughout the depth to
capture the complicated strength or viscosity distributions especially at the phase boundaries.
Recently, Girard et al. (2016) quantified the stress-strain behavior of bridgmanite
and magnesiowüstite using RDA at lower mantle temperatures and pressures. Even though
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the data have large degrees of uncertainty, the strength of these minerals can be approximately compared. Figure 2.12 and Figure 2.13 plot the stress-strain behavior of Mg-perovskite and magnesiowüstite (and magnesium oxide), respectively. Because the Mg-perovskite stress-strain behavior (stronger) and magnesiowüstite stress-strain behavior (weaker)
are significantly different from each other, instabilities and strain localization can be expected in the lower mantle. Also, magnesiowüstite may accommodate most of the lower
mantle rock deformation (or strain) reducing the average strength of the lower mantle rock.
If this is the case, then the deformation-induced CPO of magnesiowüstite will be highly
developed; thus, the anisotropic pattern of the lower mantle aggregate might be strongly
influenced by the CPO of magnesiowüstite. In order to collect the experimental data of
periclase at wider ranges of experimental conditions, the results of Heidelbach et al. (2003)
(magnesiowüstite) and Crampon and Escaig (1980) (magnesium oxide) were included as
well.
2.2.2.2

Diffusion and Dislocation Creep
Diffusion and dislocation creep are the most important mechanisms during defor-

mation in the Earth’s mantle. Due to their importance, their mechanisms and role in the
rock’s strength have been well studied (Kirby, 1983). The diffusion and dislocation creep
are fundamentally distinct processes based on the size of the mineral grains. The diffusion
process will be more active at smaller grain sizes, which can be caused by dynamic recrystallization, phase transformations, and pinning of grain boundaries by second phases. Additionally, the diffusion process will be more active at higher temperatures, because the
probability of thermally activated atomic diffusion increases as the grain size decreases.
Atomic diffusion can occur in the bulk of grains (i.e., Nabarro-Herring creep (Herring,
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1950; Nabarro, 1947)) and through the grain boundaries (i.e., Coble creep (Coble, 1963)).
Hence, diffusion creep is oftentimes called grain size sensitive creep. In contrast, dislocation creep takes place due to dislocation dynamics and their interactions. Basically, when
the dislocations glide on the slip plane and/or climb out of the slip plane, the material is
weakened. Dislocation creep is usually called grain size insensitive creep. In general, dislocation creep shows a nonlinear relationship between the strain rate and stress (except
Harper-Dorn creep), which therefore produces a non-Newtonian viscosity. However, viscosity determined by diffusion creep is considered as Newtonian due to the stress and strain
rate linear relationship.
In the upper mantle and transition zone, both dislocation and diffusion creep seem
to be active depending on the thermomechanical conditions and microstructures (De
Bresser et al., 2001; Hustoft et al., 2013; Karato and Wu, 1993; Shimojuku et al., 2009).
Many creep studies (Bruijn and Skemer, 2014; Bystricky et al., 2016; Bystricky and Mackwell, 2001; Hustoft et al., 2013; Karato, 2012; Kawazoe et al., 2016; Mei and Kohlstedt,
2000b, 2000a; Wang and Ji, 2000) for minerals in the upper mantle and transition zone
have been conducted, and their parameters and model constants including temperature and
pressure sensitivities are available. However, limited creep data exist for the lower mantle
minerals. In an effort to quantify the Earth’s mantle materials, several studies were conducted using analogue materials to understand creep (Beauchesne and Poirier, 1990;
Karato and Li, 1992; Li et al., 1996; Wang et al., 1999a). More recently, Cordier et al.
(2004) used the Earth’s mantle perovskite to show that dislocation creep may operate in
Mg-perovskite found in the uppermost lower mantle. Currently, the creep behavior of magnesiowüstite and Ca-perovskite in the lower mantle conditions is not well understood.
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2.2.2.3

Anisotropic Stress-Stress Behavior (Bauschinger Effect)
The two types of dislocations that are usually formed once dislocations are accu-

mulated in crystalline materials during deformation are statistically stored dislocations
(SSDs) and geometrically necessary dislocations (GNDs). Literally, the SSDs contribute
to isotropic hardening, whereas the GNDs drive anisotropic hardening of minerals. From a
solid mechanics’ perspective, the SSDs isotropically increase the yield surface (i.e., only
radius of the yield surface evolves), whereas the yield surface’s center translates in stress
space by the GNDs. Hence, the strength and the viscosity of the material should be variable
among directions depending on the distributions of the GNDs. GND hardening is also
called kinematic hardening. The kinematic hardening can be interpreted as the cause of
backstress once the material experiences cyclic loading or other nonmonotonic sequences;
also, the backstress decreases the yield strength in the opposite loading direction. The macroscopic stress anisotropy arising from the back stress is known as the Bauschinger effect
(Bauschinger, 1886; Fleck et al., 2003; Horstemeyer and McDowell, 1998). Because anisotropic viscosity is an important factor when interpreting flow patterns in the deep mantle
(Hansen et al., 2012a), the kinematic hardening effect on the material strength and the
viscosity needs to be understood and quantified.
Despite the importance of the kinematic hardening, little data exists to show its
effect on mechanical properties. However, Nishiyama et al. (2005) conducted some experiments on cyclic loadings of ringwoodite using D-DIA. Unfortunately, no such effect of
the kinematic hardening was measured or discussed in their paper. Performing the cyclic
loading experiments at high pressures may be difficult to constantly keep the hydrostatic
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pressure; therefore, shear reversal tests may be a more feasible alternative to explore the
anisotropic effects arising from the GNDs.
2.3
2.3.1

Summary and Concluding Remarks
Summary
With advancements in experimental techniques, rheological properties have been

investigated under realistic mantle’s pressure and temperature conditions. Nevertheless,
many gaps in the knowledge of the material properties of the mantle minerals still exist.
Because of the experimental limitations related to large deformations at high pressures and temperatures, anisotropic properties related to deformation (i.e., the deformationinduced CPO evolution) of the mantle minerals are mostly unknown. In fact, only olivine
has been well documented. Relationships among the deformation-induced CPO evolution,
the rock strength, and anisotropic viscosity are necessary to realistically model the mantle
dynamics. From the collected data of the single crystal transverse anisotropy (elastic anisotropy), it was shown that the single crystals of lower mantle minerals are not elastically
isotropic but rather anisotropic when compared to upper mantle minerals (see Table 2.4).
A good example showing the elastic anisotropy at depth is that of magnesiowüstite. This
is contradictory to observations from seismic anisotropy because most of the lower mantle,
aside from the D˝ region, is almost isotropic (Karato, 2012; Wenk et al., 2011). This may
be a result of diffusional creep being the dominant deformation mechanism in the lower
mantle; however, the effect of the deformation-induced CPO still needs to be considered.
Research on the relationship between the plastic CPO and the mechanical properties in
multiphase systems needs further study to capture mantle dynamics. As the literature stress-
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strain data show, torsional softening generated by the CPO evolution significantly weakens
the rock strength, which in turn can lower the mantle’s viscosity.
For grain-related mechanisms, the activation volume parameter that reflects the
pressure sensitivity of the grain boundary migration needs to be determined for the minerals. The pressure plays a significant role in the grain boundary migration, counteracting the
temperature effect. In addition, the grain growth kinetics in the multiphase systems has not
been completely documented. Even though some minerals were studied in the multiphase
compositions, their experiments were limited to only two mineral systems where three or
more exist in nature. Furthermore, the relationships between the grain size and the plasticity are significant because the interactions between the grain boundaries and the dislocations affect the strain hardening and the dominant creep regimes. Although the effects of
grain size on creep regimes have been actively studied, the data of the grain size effects on
the plasticity (e.g., Hall-Petch effect) are still limited for the mantle materials. Recent studies have suggested that various deformation mechanisms could simultaneously occur during the deformation (De Bresser et al., 2001; Hansen et al., 2012b). Even though they did
not discuss the interactions between the dislocations and the grain boundaries, the roles of
the dislocations were emphasized. For deeper minerals, the effects of the DRX and GBS
mechanisms, which can largely effect the mantle strength, still remain unknown. To more
accurately predict the thermomechanical behaviors of the mantle, the microstructural influences on the elasticity, plasticity and viscosity need to be taken into considerations in
the framework of structure-property relationships. In the structure-property concept, the
microstructural rearrangements were connected with the polycrystalline minerals’ strength,
particularly the plasticity.
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Research of the hydrogen effect on the rock rheology has provided a new direction
in understanding the mantle dynamics. Geophysical and geochemical investigations have
suggested the existence of the water in the mantle (Dixon et al., 2002; Hirth and Kohlstedt,
1996; Huang et al., 2005; Karato, 2011; Kawakatsu and Watada, 2007; Meijde et al., 2003;
Moore, 1970; Ohtani, 2005). Water solubility in the mantle minerals has been well documented, but information on the effect of water on the rheological behavior is still insufficient for the entire mantle. Major effects of the water on the rock rheology are related to
weakening the rock strength, enhancing grain growth, and changing anisotropy pattern;
however, note that crack nucleation mechanisms like hydrogen embrittlement may also
operate in the mantle.
Remarkably, stress-strain behavior at mantle conditions for most of the important
minerals has been collected from modern experimental techniques like RDA or D-DIA.
Even though large experimental uncertainty exists, approximate strength among minerals
could be revealed. However, stress-strain data under large deformations are limited. Because geodynamic simulations have shown that the mantle rock undergoes large deformations during convection (Wenk et al., 2011), large deformation experiments will provide
better understanding of the mechanical properties in the Earth’s mantle. Moreover, plastic
stress anisotropy arising from geometrically necessary dislocations (i.e., the kinematic
hardening) should be investigated to model anisotropic stress and viscosity distributions in
the mantle. Finally, the extrapolation of the laboratory strain rate to the real mantle strain
rate is another critical issue because extrapolating out of the modeled data range can lead
to erroneous results. Experimental studies, to date, cannot provide mechanical solutions at
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the geological strain rate scale, but numerical studies at lower length scales may resolve
that issue of strain rate extrapolation, as demonstrated by Cordier et al. (2012).
In addition, synthesis of the mechanical data of the important mantle minerals garnered in this study revealed the necessity and importance of multiphase modeling. For instance, the stress-strain data showed that ringwoodite can be weaker than wadsleyite at a
similar pressure, temperature, and strain rate condition (compare Figure 2.10 with Figure
2.11). This observation implies that the sudden strength reduction at a phase boundary can
potentially accelerate the subduction rate. Multiphase modeling may provide insight into
the mechanical interactions involving different minerals.
2.3.2

Integrated Multiscale Modeling with Internal State Variable (ISV) Constitutive Model
The limitations of the experimental studies for the deep Earth’s mineral physics led

to developments of numerical methods at the different length scales (DFT, MD, DD, CP,
and ISV) in the geoscience community. Much of the summarized data for the elasticity and
the CPO of the deep minerals in this study were obtained from DFT with MD simulations
(called ab initio molecular dynamics). These methods, which provided mineral properties
at extremely high pressures and temperatures, were consistent with available experimental
data. Crystal plasticity has also been applied for the CPO research of the deep mantle.
Comparing the results of simulations with seismic observations could provide additional
insight into mantle dynamics.
In the engineering and material science community, a computational method “integrating” the results at multiscale has been developed and is called Integrated Computational Materials Engineering (ICME) methodology. The basic concept of ICME (herein,
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particularly, the hierarchical methodology (i.e., the bridging scheme)) is that results or data
from simulations at each length scale are transferred to the next length scales; for example,
results from the electronic scale (e.g., DFT) will be transferred to the continuum scale (e.g.,
finite element simulations). The integrated multiscale modeling has shown successful outcomes and high fidelity for solid material deformation (Horstemeyer, 2012, 2009; Horstemeyer and Bammann, 2010). Some authors in geophysics community have also applied
the integrated multiscale modeling for the mantle minerals (Castelnau et al., 2010; Cordier
et al., 2012; Knoll et al., 2009; Raterron et al., 2014).
If the continuum level (i.e., macroscale or structural scale) requires the data from
the lower length scales, then the mathematical model that describes constitutive relationships of the material should be able to handle the up-scaled information. As a result, the
constitutive model needs to have a comprehensive form that covers elasticity, inelasticity,
and its relationship with microstructural changes. In this context, constitutive models based
on internal state variable (ISV) theory are good candidates to capture the comprehensive
mechanical responses against stress states in the frame of the integrated multiscale approach (Horstemeyer et al., 2003). In the solid mechanics community, Bammann et al.
(1996) presented a sophisticated constitutive model using ISVs for polycrystalline materials. One of the great advantages of this ISV model is that creep and plasticity mechanisms
are unified; hence, the model is also called unified creep-plasticity (UCP). This model can
capture the comprehensive inelastic deformation mechanisms arising from both of dislocation and diffusion. Furthermore, the ISV model includes elasticity by using the yield
surface concept as well as inelasticity. These features allow the ISV to comprehensively
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model the overall mechanical behaviors. Fundamentally, the ISV model captures deformation kinetics (e.g., stress-strain relationship) based on kinematics satisfying the 1st and
2nd laws of thermodynamics (i.e., Clausius-Duham inequality) (Coleman and Gurtin, 1967;
Rice, 1971). Because this physically-motivated approach tracks the propagations of the
internal variables during the deformation, the ISV model can naturally capture the deformation history (a complete review for the ISV model is available in Horstemeyer and Bammann (2010). Practically, the ISV model has shown high fidelity in many problems involved with polycrystalline materials (especially metals) (Bammann, 1990; Bammann et
al., 1996; Brown and Bammann, 2012; Horstemeyer and Gokhale, 1999) including sequential problems such as manufacturing processes that require deformation history dependences (Cho et al., 2018). For rock materials, the ISV model has also been applied to some
minerals and rocks such as olivine, lherzolite, marble, rock salt, and alkali halides (Aubertin et al., 1991a, 1991b; Covey-Crump, 1997, 1994; Sherburn et al., 2011a). In particular,
Sherburn et al. (2011a) showed a superior capturing ability of the ISV model in both the
elasticity and the inelasticity over the power-law creep model even though additional developments are needed for deep mantle modeling. Using the calibrated constants from the
ISV model for lherzolite, Sherburn et al. (2011b) simulated the global mantle dynamics
with TERRA Finite Element code (Baumgardner, 1985, 1983) showing a high potential for
an advanced geodynamics modeling. Coupling the subscale modeling results for mantle
materials with the ISV model can lead to higher fidelity solutions for mantle dynamics and
a better understanding of the mechanical properties of the mantle. With the ISV constitutive
model at macroscale, an integrated multiscale modeling strategy for the Earth’s mantle is
proposed as shown in Figure 2.14.
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CHAPTER III
A UNIFIED STATIC AND DYNAMIC RECRYSTALLIZATION INTERNAL STATE
VARIABLE (ISV) CONSTITUTIVE MODEL COUPLED WITH GRAIN SIZE
EVOLUTION FOR METALS AND MINERAL AGGREGATES
One of the most important mechanisms in determining the mechanical properties,
such as strength, especially under high temperatures, is recrystallization. When recrystallization takes place, the recrystallized structures (e.g., dislocations, grain size, and texture)
influence the strength or hardness of the material; as such, many manufacturing designs
use thermal steps (e.g., hot working and annealing) to yield products with desired mechanical qualities. Apart from engineering problems, recrystallization is considered as an important mechanism in the plasticity (or rheology) of rocks. Many experimental studies of
high temperature (even with high pressure) deformation of rocks and minerals showed that
the recrystallization process highly alters its microstructures, influencing its mechanical
properties (e.g., strength and viscosity) (e.g., Hansen et al., 2012; Karato et al., 1980; Kawazoe et al., 2009).
Although many different microstructural features may be associated with recrystallization, the present study focuses on three important mechanisms: i) work hardening and
recovery, ii) grain size evolution, and iii) recrystallization driven by stored energy of plastic
deformation.
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As the material is plastically deformed, some dislocations glide on the slip planes,
and others climb orthogonal to the slip plane, releasing the stored energy of plastic deformation. Also, a grain boundary migrates (under high temperature) due to driving forces to
reduce the grain boundary area and the stored plastic energy. As the grain boundary energy
is stabilized by the grain growth, the grain boundary migration rate gradually decreases
with time (Hillert, 1965). Conversely, the grain size can decrease due to formations of
subgrains (Hughes and Hansen, 1991).
Oftentimes, the term ‘recrystallization’ is used interchangeably with grain growth
caused by grain boundary energy. However, strictly speaking, the grain growth caused by
the grain boundary energy is separated from the definition of conventional recrystallization. According to Doherty et al. (1997), recrystallization is a process in which high angle
grain boundaries form and/or grow (migrate) because of plastically stored energy of deformation. Thus, the grain growth phenomena driven by the grain boundary energy and that
driven by the stored deformation energy need to be distinguished. An easy case to discern
these two grain growth mechanisms is illustrated when the material is fully annealed without deformation. Because the fully annealed material has low stored energy, the grain
boundary energy induced grain growth dominates. The present study also followed the
definition of recrystallization as the mechanism caused by the stored energy of plastic deformation, distinguishing from grain growth induced by grain boundary energy.
Recrystallization is commonly classified as continuous recrystallization and discontinuous recrystallization in a phenomenological sense (Al-Samman and Gottstein,
2008; Doherty et al., 1997; Huang and Logé, 2016; Ion et al., 1982). In a plastically de-
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forming material, some of the recovered dislocations build up low angle dislocation boundaries in the original grains (Hughes and Hansen, 1991), and these low angle boundaries
become high angle grain boundaries as deformation proceeds. This type of recrystallization
is called continuous dynamic recrystallization and is oftentimes referred to as subgrain rotation recrystallization (Karato, 1988; Shimizu, 2008). Discontinuous dynamic recrystallization, on the other hand, denotes that a new grain with a high angle boundary nucleates
and grows when sufficient energy of the plastic deformation is stored. The discontinuous
dynamic recrystallization is usually exhibited as the grain boundary bulges creating a necklace structure on the grain boundary (Huang and Logé, 2016). Both recrystallization mechanisms are driven by the stored energy due to plastic deformation. A schematic diagram
that shows recrystallization and grain growth phenomena, which occur in a deforming material, is shown in Figure 3.1.
Numerous models for the recrystallization and grain size kinetics have been published to date. Many static recrystallization models (e.g., Kazeminezhad, 2008; Raabe,
2007) are based on an Avrami (1940, 1939) phenomenological representation of the crystallization kinetics. In these phenomenological approaches, the recrystallized volume fraction is modeled with no consideration of the material’s stored energy related to dislocations. Some physically-motivated static recrystallization models (Brown and Bammann,
2012; Buken and Kozeschnik, 2017; Sandström and Lagneborg, 1975; Zurob et al., 2001)
were also developed to describe the dislocation density dependent recrystallization kinetics
in an Internal State Variable (ISV) framework, but none of them included the evolution of
the grain size.
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Figure 3.1

A schematic diagram illustrating the main recrystallization mechanisms
during deformation.

The dislocation density decreases as the recrystallized dislocation-free volume fraction increases over time (or strain).
Several physically-motivated dynamic recrystallization models have also been developed to capture either the discontinuous dynamic recrystallization (Beltran et al., 2015;
Bernard et al., 2011; Cram et al., 2009; Kugler and Turk, 2004; Zhao et al., 2016), which
represents deformation-induced nucleation and growth of new grains, or the continuous
dynamic recrystallization (Gourdet and Montheillet, 2003; Tóth et al., 2010), which comprises the formation of subgrains with large misorientation angles. Recently, some other
models, which account for the multiphase effect on the dynamic recrystallization (Fan and
Yang, 2011) and use a multiscale approach bridging between the mesoscale and macroscale
(Takaki et al., 2014), were also presented. These models are valuable in that they described
the detailed mechanism of each type of recrystallization at the lower length scale. At the
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macroscopic length scale, relatively few physically-motivated models (Bacca et al., 2015;
Brown and Bammann, 2012; Busso, 1998; Gourdet and Montheillet, 2003; Sun et al.,
2018), describing the dislocation density dependent recrystallization kinetics, have been
presented. Also, several phenomenological dynamic recrystallization models (Liu et al.,
2011; Luton and Sellars, 1969; Medina and Hernandez, 1996; Poliak and Jonas, 1996;
Puchi-Cabrera et al., 2018, 2014), mostly using Avrami type recrystallization volume fraction evolution and critical strain to determine the onset of recrystallization, have been developed.
As far as the grain size kinetics model is concerned, a static grain growth kinetics
model (Hillert, 1965), which phenomenologically describes the grain boundary migration,
has been widely used. However, because the Hillert (1965) model only explains the empirical grain boundary migration phenomenon regardless of the driving force, it is difficult to
discern the effects of different driving forces. As far as the grain size reduction phenomenon is concerned, there exist few macroscopic models (Bacca et al., 2015; Busso, 1998;
Horstemeyer and McDowell, 1998; Roucoules et al., 2003). In order to relate the grain size
and mechanical properties, Hall (1951) and Petch (1953) introduced the square root relationship of the average grain size with the yield stress. Others (Estrin and Mecking, 1984;
Hansen, 2004b; Hansen and Ralph, 1982; Horstemeyer, 2012) extended this relation to the
plastic regime using slightly different formulations.
The recrystallization and grain size kinetics are complicated and interrelated.
Therefore, most models were simplified and limited to a specific type of recrystallization
mechanism that dominated under limited thermomechanical conditions. Furthermore,
many recrystallization dependent constitutive models do not possess a yield surface that
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connects elastic and inelastic regimes. Because the inelastic response of a material is very
different from the elastic response, the yield surface is an essential requirement for a robust
constitutive model. The material behavior under complex boundary conditions, such as
sequential load-unload-hold-reload or sequential manufacturing processes, cannot be realistically modeled without the yield surface.
In order to solve the complex multistage boundary value problems, the constitutive
model is required to unify the effects of elasticity, work hardening, recovery, static recrystallization, dynamic recrystallization, grain growth, and grain size reduction in the structure-property relation. Few authors (Busso, 1998; Roucoules et al., 2003; Svyetlichnyy,
2007) have attempted to unify some mechanisms related to recrystallization and grain size.
For instances, Busso (1998) connected a recrystallized volume fraction with grain size reduction rate. Roucoules et al. (2003) presented a unified approach to simultaneously account for the static and dynamic effect of recrystallization and grain size kinetics. Despite
their considerable efforts for unification, these models still have some limitations related
to: i) lack of some important elements such as the Hall-Petch effect or a yield surface-based
flow rule, or ii) use of phenomenological approaches, such as the Avrami type equation to
describe the recrystallized volume evolution or a critical strain to determine the onset of
recrystallization. In particular, the lack of yield surface and use of phenomenological methods weaken the history dependency of constitutive models and the model’s ability to capture realistic responses under the transient thermomechanical boundary conditions.
As several authors discussed (Brown and Bammann, 2012; Coleman and Gurtin,
1967; Horstemeyer, 2012; Horstemeyer and Bammann, 2010; Lemaitre and Chaboche,
1994), for a constitutive model to capture the realistic mechanical behavior, physically85

motivated history variables need to be used. The evolution histories of these variables must
be available in transferring the information to the next sequence. In these aspects, the Internal State Variable (ISV) theory-based constitutive model is a good candidate, because
each ISV can record its history and subsequently transfer that history to the next sequence.
Regarding the ISV constitutive theory-based recrystallization model, Brown and Bammann
(2012) presented a novel approach that captures the oscillatory behavior of stress shown in
the recrystallized material. Also, their model unifies the elastic effects, work hardening and
recovery of statistically stored dislocations, static recrystallization, and dynamic recrystallization. As shown in the Brown and Bammann (2012), the history effect that could be
acquired from the ISVs (isotropic hardening and misorientation variables) facilitated their
model to accurately capture the stress-strain behavior of Oxygen-Free High Conductivity
(OFHC) copper under sequential boundary conditions. Nevertheless, the recrystallization
dependent ISV model of Brown and Bammann (2012) does not include the grain size directly and its associated effects on the mechanical properties.
In the historical context of recrystallization and grain size dependent constitutive
models, this study (Cho et al., 2019) presents a history dependent unified static and dynamic recrystallization ISV constitutive model coupled with the grain size kinetics. With
this approach, the history dependent ISVs could handle the complex nonmonotonic boundary value problems as well as the simple problems under monotonic loadings at various
temperatures, pressures, and strain rates. This chapter first presents the relevant kinematics
and thermodynamic constraints of the ISVs related to irreversible processes. Secondly, formulations of the present ISV constitutive equations, that unify the work hardening, recovery, recrystallization, average grain size kinetics, and their relationships, will be explained.
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Finally, the unified recrystallization and grain size dependent ISV constitutive model will
be validated with respect to several experiments available from the literature for several
polycrystalline metals (copper, magnesium alloy, nickel, and steel alloy) and geological
materials (olivine and clinopyroxene). In particular, the history dependence of the present
ISV model will be highlighted in the discussion section.
3.1

Kinematics of Deformation
Strain is a geometrical expression of an applied deformation. Under large defor-

mations, the grains can rotate causing texture, and this geometric complexity falsifies the
simplification of a small strain assumption. Thus, the kinematic analysis of deformation
should start with the deformation gradient, which can represent large deformations well,
and then the strain will naturally arise from the deformation gradient (Bammann and Johnson, 1987).
The formulations of kinematics fundamentally follow that in Lee and Liu (1967),
Bammann and Johnson (1987) and Bammann et al. (1996). The motion of a body in the
continuum point of view can be expressed by the following,
𝒙 = x(𝑿, t),

(3.1)

where 𝒙 is the spatial (or Eulerian) coordinate, 𝑿 is the reference (or Lagrangian) coordinate, and t is the time, and x maps a particle from its initial position 𝑿 to its current position
𝒙. In order to describe mapping from the reference to the current configuration, the deformation gradient tensor, 𝐹, which is a two-point tensor, is defined in an indicial form by the
following,

FiJ =

∂𝑥i
∂X J
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= 𝑥I,J .

(3.2)

In the large strain case, the kinematics of motion can be multiplicatively decomposed into the deviatoric inelastic part, 𝐹 𝑖𝑛 , and the elastic part, 𝐹 𝑒 (Bammann et al., 1996;
Bammann and Johnson, 1987; Lee and Liu, 1967).
𝐹 = 𝐹 𝑒 𝐹 𝑖𝑛 .

(3.3)

The isochoric inelastic deformation gradient, 𝐹 𝑖𝑛 , represents material’s kinematic
change due to comprehensive inelastic responses, which produce a permanent deformation
of the material, caused by rearrangements of inherent microstructures. In this particular
study, 𝐹 𝑖𝑛 includes work hardening, recovery, recrystallization, and grain size effects. The
inelasticity can also include damage behavior (Bammann and Aifantis, 1989) caused by
void nucleation, growth, and their coalescence (Horstemeyer et al., 2000), which results in
the material’s permanent volumetric change. However, this study limits the kinematic formulations to only deviatoric inelastic responses.
The material’s velocity gradient at the current configuration can be decomposed by
the deformation gradient in a multiplicative form. The velocity gradient is further split into
elastic and inelastic parts as follows,
𝐿 = 𝐹̇ 𝐹 -1 = 𝐿𝑒 + 𝐿𝑖𝑛 ,

(3.4)

where 𝐹̇ is the rate of deformation gradient, and 𝐹 -1 is the inverse of the deformation gradient tensor.
With another decomposition of the velocity gradient into symmetric (𝐷= 1⁄2 (𝐿 +
𝐿T )) and skew symmetric (𝑊 = 1⁄2 (𝐿 – 𝐿T )) parts, the elastic rate of deformation and the
elastic spin can respectively be quantified as the following,
𝐷𝑒 = 𝐷 – 𝐷 𝑖𝑛 – 𝐷𝑣 ,
88

(3.5)

𝑊 𝑒 = 𝑊 – 𝑊 𝑖𝑛 ,

(3.6)

where 𝐷 is the rate of deformation, 𝐷𝑖𝑛 is the inelastic part of deviatoric rate of deformation, 𝐷𝑣 is the dilatational (volumetric) inelastic rate of deformation, and 𝑊 is the continuum spin. 𝑊 𝑖𝑛 is the permanent rotation rate of the material (sometimes it is referred to
as the plastic spin (Loret, 1983)) and is particularly important for large deformation cases,
because it describes texture. Based upon the above kinematic analysis, the ISV constitutive
model is formulated.
3.2

Thermodynamic Constraints
In 1967, the existence of ISVs was suggested by Coleman and Gurtin (1967) in the

framework of continuum theory and thermodynamics. They showed that the present state
of the material depends on the present Observable (empirical) State Variables (OSVs) (e.g.,
temperature and strain) and a set of ISVs in the material.
The internal energy 𝑢, entropy 𝑠, heat flux 𝒒, and the Cauchy stress 𝜎 are all considered as state functions. These state variables are a function of the deformation gradient
𝐹 and some OSVs that determine the state functions with current values. The equations
comprising these state variables are the constitutive equations. However, in the inelastic
regime, the material is subjected to permanent changes, and the stress within the permanently deformed material cannot be determined by the current values of 𝐹 only. The inherent irreversible changes in the material need to be taken into consideration. Hence, Coleman and Gurtin (1967) proposed the constitutive forms that include a set of ISVs, 𝛼𝑖 , that
describe the inherent irreversible changes.
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In constraining a constitutive relationship, one can introduce the balance of linear
momentum, angular momentum, and the Clausius-Duham (CD) inequality that combines
the First and Second Laws of Thermodynamics using the Helmholtz free energy, 𝜓. In this
section, the focus on thermodynamic restrictions for the ISVs is given. Based on the CD
inequality, the following relationships for the state functions, i.e., internal energy 𝑢, entropy 𝑠, heat flux 𝒒, and the Cauchy stress 𝜎, can be derived to satisfy the inequality.
𝜎=𝜌

𝜕𝜓(𝜀 𝑒 ,𝑇,𝑃,𝛼𝑖 )

𝑠 = −𝜌
−𝜌

𝜕𝜀 𝑒

,

𝜕𝜓(𝜀 𝑒 ,𝑇,𝑃,𝛼𝑖 )

𝜕𝑇
𝜕𝜓(𝜀 𝑒 ,𝑇,𝑃,𝛼𝑖 )
𝜕𝛼𝑖

(3.7)

,
1

∙ 𝛼̇ 𝑖 + 𝜌𝜎 ∙ 𝜀̇ 𝑖𝑛 − 𝑇 𝒒 ∙ ∇𝑇 ≥ 0,

where 𝜌 is the density, 𝜀 𝑒 is the elastic strain, 𝑇 is the temperature, 𝑃 is the pressure, 𝜀̇ 𝑖𝑛 is
the inelastic strain rate, and 𝛼𝑖 is the strain-like quantity of each ISV.
As the stress is a variable associated with the strain, the ISVs can also be defined
as the thermodynamics force pairs that relate a strain-like quantity to a stress-like quantity.
Thermodynamic conjugate forces relation of ISVs is expressed by the following form,
𝜕𝜓

𝐴𝑖 = 𝜌 𝜕𝛼

𝑖

(3.8)

where 𝐴𝑖 is the stress-like quantity being a thermodynamic conjugate pair with 𝛼𝑖 .
Previous literature (e.g., Bammann and Solanki, 2010; Brown and Bammann, 2012;
Horstemeyer and Bammann, 2010) has already formulated the thermodynamic conjugates
for the isotropic and kinematic hardening variables of the ISV constitutive theory, which
capture effects of the Statistically Stored Dislocations (SSDs) and the Geometrically Nec-
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essary Dislocations (GNDs), respectively. The stress-like quantities of isotropic and kinematic hardening are thus associated with the mechanical effects respectively arising from
dynamics of SSDs and GNDs: isotropic stress and backstress (Horstemeyer, 2012).
In the present section, the aim is to provide a discussion related to grain size and
recrystallization within the aspect of an ISV. When the material is plastically deformed,
the dislocations are generated both from the grain boundaries and inside the grains (e.g.,
Frank-Read source or double-cross slip mechanism (Messerschmidt and Bartsch, 2003)),
and the dislocations pile-up at the grain boundaries, where the dislocations’ movement
crossing the boundary is inhibited. Accordingly, the dislocation density, and thereby the
mechanical properties of the deformed material are influenced by the spacing of grain
boundaries (grain size). Thus, a stress-like quantity affected by grain size variation (e.g.,
Hall-Petch effect and diffusion creep effect) and a strain-like quantity associated with grain
size can be paired as a thermodynamic conjugate. Similarly, recrystallization can also have
a thermodynamic conjugate pair that is different than the grain size. The recrystallization
mechanisms consume the dislocations creating new recrystallized structures; hence, the
material’s strength decreases. As such, the stress-like quantity is related to the stress reduction via recrystallization and is paired with a strain-like quantity associated with the volume
fraction of the recrystallized structure.
Based on Eq. (3.8), the isotropic hardening, kinematic hardening, grain size, and
recrystallized volume fraction variables are now defined by the following thermodynamic
conjugates,
𝜕𝜓

𝜕𝜓

𝜕𝜓

𝜕𝜓

𝒦 = 𝜌 𝜕𝜅̂ , 𝑏 = 𝜌 𝜕𝛼̂ , Γ = 𝜌 𝜕𝑑̂ , and χ = 𝜌 𝜕𝑋̂ ,
𝑔
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(3.9)

where 𝒦 is the isotropic stress, 𝜅̂ is the strain-like isotropic hardening associated with the
SSD density, 𝑏 is the backstress, 𝛼̂ is the strain-like kinematic hardening associated with
the GND density, Γ is the stress-like quantity arising from grain boundary-dislocation interactions similar to the Hall-Petch effect, 𝑑̂𝑔 is the strain-like quantity associated with the
average grain size, χ is the stress-like quantity arising from recrystallization process, and
𝑋̂ is the strain-like quantity associated with recrystallized volume fraction.
The conjugate pairs for ISVs shown in Eq. (3.9) can be substituted into the place
where 𝛼𝑖 is located in Eq. (3.7) using an additive form. However, the present study finds
the average grain size, 𝑑𝑔 , and recrystallized dislocation-free volume fraction, 𝑋, variables
are nonlinearly convoluted with two independent hardening variables; hence, the average
grain size and recrystallized dislocation-free volume fraction are expressed as functional
forms for two hardening variables. Substituting Eq. (3.9) into Eq. (3.7), the reduced inequality is acquired as follows,
∘
1
𝜌𝜎 ∙ 𝜀̇ 𝑖𝑛 − 𝒦 ∙ 𝜅̂̇ (𝑑𝑔 , 𝑋) − 𝑏 ∙ 𝛼̂(𝑑𝑔 , 𝑋) − 𝑇 𝒒 ∙ ∇𝑇 ≥ 0.

(3.10)

The ISV constitutive theory proposed herein is constrained by thermodynamic entropy. This feature is critical since a thermodynamically constrained constitutive relationship is required to enforce the physical admissibility of a constitutive model (Horstemeyer,
2012).
3.3

Kinetics of the Internal State Variables (ISVs)
In this section, the ISV hardening equations that simultaneously capture work hard-

ening and recovery are presented in the context of Unified Creep-Plasticity (UCP). The
recrystallization and grain size evolution kinetics are then formulated from the viewpoint
92

of structure-property relations. Finally, an inelastic flow rule incorporating the UCP, recrystallization, and grain size effects is presented. Note, the model equations are interrelated in a unified manner, not parallel nor independent.
3.3.1

Isotropic and Kinematic Hardening
The basis of the ISV constitutive model follows the plasticity model of Bammann

(1984), Bammann and Aifantis (1987), and Bammann (1990), which describe the dislocation dynamics in the context of UCP. Isotropic and kinematic hardening equations, each
capturing the effects of SSD and GND densities, respectively, are fundamental to the ISV
constitutive model discussed herein. In these equations, work hardening and dislocation
annihilations can be simultaneously modeled; thus, this ISV constitutive model is also
called a UCP model (Horstemeyer and Bammann, 2010). The isotropic and kinematic hardening evolution equations change the yield surface’s radius (isotropic hardening) and locus
(kinematic hardening) during deformation. In particular, kinematic hardening induces a
Bauschinger effect and, in effect, anisotropic hardening behavior (Armstrong and Frederick, 1966). In order to capture the mechanical behavior of anisotropic (kinematic) evolution
and isotropic evolution arising from the complex dislocation density interactions, the constitutive model needs to include these independent isotropic and kinematic hardening quantities (a tensor for kinematic hardening and a scalar for isotropic hardening).
In principle, GNDs are known to be produced from dislocations interacting with
grain boundaries, subgrain structures, and precipitates with indirect effects from texture
development. As such Ashby's (1970) perspective of GNDs from strain gradients is a subset of all GND types that can arise from different length scales of microstructures. Furthermore, in the macroscale formulation herein the kinematic hardening rule was not limited
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only to strain gradients although some crystal plasticity models have incorporated such
features (Bayley et al., 2006; Fleck and Hutchinson, 1997; Kuroda and Tvergaard, 2008).
The present model’s kinematic hardening equation represents a macroscopic kinetics of
GND density evolution based on the local plastic strain.
Based upon a multiplicative decomposition of the deformation gradient into elastic
and plastic parts as discussed in the previous sections, the ISV constitutive model assumes
that linear elasticity operates with respect to the natural (intermediate) configuration, which
can be written as the following objective rate form,
𝜎∘ = 𝜎̇ − 𝑊 𝑒 𝜎 + 𝜎 𝑊 𝑒 = 𝜆 𝑡𝑟(𝐷𝑒 )𝐼 + 2𝜇𝐷𝑒 ,

(3.11)

∘

where 𝜎 is the corotational stress rate, 𝐷𝑒 is the elastic rate of deformation tensor, 𝑊 𝑒 is
the elastic spin tensor, 𝜎 is the Cauchy stress tensor, 𝜆 and 𝜇 are the elastic Lamé constants.
The isotropic (thus, a scalar quantity) hardening rate equation is prescribed in a
hardening minus recovery format as follows,
2

𝜅̇ = 𝐻(𝑃, 𝑇)‖𝐷𝑖𝑛 ‖ − (√3 𝑅𝑑 (𝑃, 𝑇)‖𝐷𝑖𝑛 ‖ + 𝑅𝑠 (𝑃, 𝑇)) 𝜅 2 ,

(3.12)

where 𝜅̇ is the isotropic hardening rate, 𝐻 is the work hardening modulus, 𝑅𝑑 is the dynamic recovery that captures the dislocation glide and thereby the dislocation creep effect,
𝑅𝑠 is the static recovery that captures the dislocation climb or diffusion effect, and ‖𝐷𝑖𝑛 ‖ =
√2⁄3 𝐷𝑖𝑛 : 𝐷 𝑖𝑛 , which represents an equivalent deviatoric strain rate. The parameters of
these mechanisms are given by the following,
𝑅𝑑 (𝑃, 𝑇) = 𝐶13 𝑒𝑥𝑝 (−

𝐶14 +𝑃𝐶24
𝑇

𝐻(𝑃, 𝑇) = 𝐶15 𝜇(𝑃, 𝑇),
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),

(3.13)
(3.14)

𝑅𝑠 (𝑃, 𝑇) = 𝐶17 𝑒𝑥𝑝 (−

𝐶18 +𝑃𝐶26
𝑇

),

(3.15)

where 𝐶13 is a material constant, 𝐶14 is a constant representing the activation energy of
dynamic recovery over gas constant, 𝑇 is the temperature, 𝐶24 is a constant for activation
volume for dynamic recovery over gas constant, 𝐶15 is the work hardening constant, 𝜇 is
the appropriate shear modulus at a given pressure and temperature, 𝐶17 is a constant for
static recovery, 𝐶18 is the activation energy for static recovery over gas constant, and 𝐶26
is the activation volume for static recovery over gas constant. A modification to the Bammann (1990) parameters is the inclusion of 𝑃, the hydrostatic pressure, and 𝐶24 and 𝐶26 ,
the pressure related parameters. Eq. (3.12) comes from Armstrong and Frederick (1966)
who were the first to cast the behavior after yield as a hardening-minus-recovery format.
Once Eq. (3.12) is integrated with respect to time, 𝐻 and 𝑅𝑑 are involved with inelastic
strain increment, but 𝑅𝑠 is involved with time increment. Consequently, the SSD density
evolution can simultaneously be captured under both dynamic deformation and static annealing (thus, it is called UCP). This unified feature enables a sophisticated and comprehensive modeling.
Also, the kinematic hardening rate equation similarly follows the isotropic hardening rate equation, except that the latter uses a second rank tensor variable instead of a scalar.
The kinematic hardening rate equation, which captures the GND density evolution, is defined as the following,
∘

𝛼 = 𝛼̇ − 𝑊 𝑒 𝛼 + 𝛼 𝑊 𝑒
2

= ℎ(𝑃, 𝑇)𝐷𝑖𝑛 − (√3 𝑟𝑑 (𝑃, 𝑇)‖𝐷𝑖𝑛 ‖ + 𝑟𝑠 (𝑃, 𝑇)) ‖𝛼‖𝛼,
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(3.16)

∘

where 𝛼 is the corrotational kinematic hardening rate, 𝛼̇ is the second rank kinematic hardening rate tensor variable, ℎ is the work hardening, 𝑟𝑑 is the dynamic recovery, 𝑟𝑠 is the
static recovery, and ‖𝛼‖ = √3⁄2 𝛼: 𝛼, which represents an equivalent quantity of the kinematic hardening tensor. The parameters of each mechanism are given by
𝑟𝑑 (𝑃, 𝑇) = 𝐶7 𝑒𝑥𝑝 (−

𝐶8 +𝑃𝐶21
𝑇

),

(3.18)

ℎ(𝑃, 𝑇) = 𝐶9 𝜇(𝑃, 𝑇),
𝑟𝑠 (𝑃, 𝑇) = 𝐶11 𝑒𝑥𝑝 (−

(3.17)

𝐶12 +𝑃𝐶23
𝑇

),

(3.19)

where 𝐶7 is the material constant for dynamic recovery, 𝐶8 is a constant representing the
activation energy of dynamic recovery over gas constant, 𝐶21 is a constant for the activation volume for dynamic recovery over gas constant, 𝐶9 is the work hardening constant,
𝐶11 is a constant for static recovery, 𝐶12 is the activation energy for static recovery over
gas constant, and 𝐶23 is the activation volume for static recovery over the gas constant.
Again, the pressure P is added into a kinematic hardening equation.
In order to simultaneously capture temperature and pressure effects on the dislocation dynamics, temperature and pressure (if needed) dependent shear modulus and the Arrhenius type equations were used for the work hardening and recovery, respectively. The
pressure dependence of dislocation motions is particularly required for materials subjected
to extreme high pressures such as the Earth’s mantle materials (Karato, 2012).
3.3.2

Unified Static and Dynamic Recrystallization
As the material is plastically deformed, the dislocation density increases and the

recrystallization process starts when the dislocation density reaches a critical level (Bailey
and Hirsch, 1962). When recrystallization takes place, the strained grains are replaced with
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new grains with a low dislocation density (Derby and Ashby, 1987; Humphreys and
Hatherly, 2004). The decrease in the dislocation density effectively reduces the flow stress;
consequently, it is expressed as the stress softening in stress-strain curves.
The recrystallization process depends on the temperature, pressure, and strain rate.
As the temperature increases and the hydrostatic pressure decreases, the recrystallization
rate increases (Doherty et al., 1997). The strain rate dependence is more complicated. At
higher strain rates, the volume fraction of the subgrain rotation dynamic recrystallization
is large; as a result, a relatively uniform (continuous), fine microstructure morphology is
created. In contrast, at the lower strain rates, the volume fraction of the conventional dynamic recrystallization (i.e., nucleation and growth recrystallization) volume fraction is
relatively large and thereby a more discontinuous, coarser microstructure morphology is
observed (Eghbali, 2010). Due to the nucleation and growth recrystallization, cyclic grain
growth also frequently occurs showing some oscillatory stress-strain behavior at lower
strain rates. However, the dominant mechanism of recrystallization at certain conditions
can also be sensitive to the stacking fault energy (Huang and Logé, 2016).
In order to capture the effect of recrystallization on the mechanical behavior, the
present study employs a volume fraction variable 𝑋 that describes the recrystallized dislocation-free portion. Because the recrystallized dislocation-free portion effectively reduces
the material’s strength, tracking 𝑋 is fairly straightforward. To track 𝑋 in a strained material, a mathematical format of recrystallization rate minus reduction rate of the recrystallized volume fraction (due to new dislocation generations) is used. Using this format, the
volume fraction progression rate of recrystallized dislocation-free portion 𝑋̇ can then be
expressed as the following,
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𝑋̇ = 𝑋̇𝑟𝑒𝑥 − 𝑋̇𝑟𝑒𝑑 ,

(3.20)

where 𝑋̇𝑟𝑒𝑥 is the recrystallization rate, and 𝑋̇𝑟𝑒𝑑 is the reduction rate of the recrystallized
volume fraction.
As mentioned earlier, recrystallization is commonly classified by continuous and
discontinuous distributions of recrystallized microstructures and these phenomenological
categories are very complicated. However, in order to unify the effects of various recrystallization mechanisms in a constitutive model, it would be better to distinguish them based
on their common physical natures (Humphreys, 1997). Fundamentally, dominant recrystallization mechanisms can be categorized as the grain boundary migration recrystallization
(nucleation and growth recrystallization) and subgrain rotation recrystallization (Karato,
1988; Shimizu, 2008) regardless of their distribution states. The former is related to the
high angle grain nucleation and growth caused by the stored energy of plastic deformation,
while the latter involves the high angle subgrain formations (by subdivisions of original
grains and increasing misorientation) due to the stored energy accumulated by strong dislocation recovery. Therefore, the former is an essentially time dependent process, although
it is dependent on the dislocation density, while the latter is involved with straining. Once
the deformation is interrupted and the material is statically annealed, the former still operates showing the progressive grain growth until the strain energy is removed, while the
latter stops taking place. Similarly, observations from the recrystallized grains show that
the former is dominant at lower strain rate deformation, whereas the latter is dominant at
higher strain rates. Hence, relatively coarse grains are found at lower strain rates because
there is sufficient time for the growth mechanism to take place. By contrast, severe grain
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refinements are usually observed at higher strain rates due to the limited time allowed for
the subgrains to grow (Doherty et al., 1997; Eghbali, 2010; Hughes and Hansen, 1991).
Following the above reasoning, the recrystallization mechanism can be distinguished by its static effect and dynamic effect. The static part of recrystallization mostly
involves the migration recrystallization, which is a time dependent thermal process and
occurs whenever the sufficiently stored energy exists. Note that the grain growth driven by
grain boundary energy is not defined as the static part of recrystallization, because this type
of grain growth is not classified as a recrystallization mechanism as discussed earlier
(Doherty et al., 1997). The dynamic effect of recrystallization is mostly related to the subgrain rotation recrystallization since it is caused by the dynamic recovery process. New
high angle subgrains with a low dislocation density are formed from the dislocation walls
constructed by the recovery process (Bacca et al., 2015; Hughes and Hansen, 1991). Thus,
this type of recrystallization only takes place during deformation.
In this regard, this particular study, for purpose of modeling, defines the static effect
of recrystallization (mostly related to migration recrystallization) as “static recrystallization” and the dynamic effect (mostly related to subgrain rotation recrystallization) as “dynamic recrystallization.” In this definition, static recrystallization can take place whenever
the sufficiently stored dislocation energy exists under high temperature, even during deformation.
Having these two separated variables for static and dynamic recrystallization is very
useful in modeling recrystallization and its effect on the mechanical behavior in a unified
manner. With these static and dynamic recrystallization variables, the total evolution rate
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of recrystallized volume fraction, 𝑋̇𝑟𝑒𝑥 , can then be additively decomposed into static and
dynamic parts as follows,
𝑋̇ = 𝑋̇𝑑 + 𝑋̇𝑠 − 𝑋̇𝑟𝑒𝑑

(3.21)

where 𝑋̇𝑑 is the dynamically recrystallized volume fraction evolution rate, and 𝑋̇𝑠 is the
statically recrystallized volume fraction evolution rate.
Key elements to the recrystallized volume evolution kinetics include an exponential
form that depends on temperature and pressure (particularly for a material under an extreme
hydrostatic pressure), driving force (stored plastic energy or dislocation density) that determines onset of the recrystallization mechanism, a certain mathematical form that describes a sigmoidal evolution of recrystallized volume, and the inelastic strain rate that
differentiates dynamic and static effects. Based on these physical features of recrystallization, 𝑋̇𝑑 is formulated as the following,
2

2

𝜅 +‖𝛼 ‖
𝑋̇𝑑 = 𝐶𝑥𝑑 (𝑃, 𝑇) ( 𝑋 𝑋 ) 𝑋 𝑎 (1 − 𝑋)𝑏 ‖𝐷𝑖𝑛 ‖
𝜇(𝑃,𝑇)

𝐶𝑥𝑑 (𝑃, 𝑇) = 𝑐𝑥1 𝑒𝑥𝑝 (−

𝑐𝑥2 +𝑃𝑐𝑑𝑝
𝑇

)

(3.22)
(3.23)

where 𝑐𝑥1 is the dynamic recrystallization rate constant, 𝑐𝑥2 is a constant for temperature
dependence (the activation energy over the gas constant), 𝑐𝑑𝑝 is a constant for pressure
dependence (the activation volume over the gas constant), 𝑃 is the hydrostatic pressure, 𝑇
is the temperature, 𝜅𝑋 is the recrystallization dependent isotropic hardening, ‖𝛼𝑋 ‖ is the
equivalent quantity of recrystallization dependent kinematic hardening tensor, 𝜇 is the
shear modulus, 𝑎 and 𝑏 are constants for recrystallization volume evolution curve, and
‖𝐷𝑖𝑛 ‖ is the inelastic part of equivalent deviatoric strain rate. Similarly, the static recrystallization rate 𝑋̇𝑠 is also formulated as the following,
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2

2

𝜅 +‖𝛼𝑋 ‖
𝑋̇𝑠 = 𝐶𝑥𝑠 (𝑃, 𝑇) ( 𝑋𝜇(𝑃,𝑇)
) 𝑋 𝑎 (1 − 𝑋)𝑏

𝐶𝑥𝑠 (𝑃, 𝑇) = 𝑐𝑥3 𝑒𝑥𝑝 (−

𝑐𝑥4 +𝑃𝑐𝑠𝑝
𝑇

(3.24)
(3.25)

)

where 𝑐𝑥3 is the static recrystallization rate constant, 𝑐𝑥4 is a constant for temperature dependence, and 𝑐𝑠𝑝 is a constant for pressure dependence. Note that no strain rate is included
in 𝑋̇𝑠 as opposed to 𝑋̇𝑑 , because the static recrystallization is in nature a time dependent
mechanism. Once Eqs. (3.22) and (3.24) are integrated with respect to time, dynamically
and statically recrystallized volume fraction increments are multiplied by the inelastic
strain increment and time increment, respectively. The equivalent inelastic strain rate term
in Eq. (3.22) plays an important role in distinguishing the static and dynamic effects of
recrystallization.
2

The second term in both Eqs. (3.22) and (3.24), (𝜅𝑋2 + ‖𝛼𝑋 ‖ )⁄𝜇(𝑃, 𝑇), represents
linear proportions of SSD and GND densities in this ISV constitutive model, which captures the effect of driving force for the recrystallization mechanism (Brown and Bammann,
2012). This formula was slightly modified by omitting the square of shear modulus from
an empirical relationship between strain hardening and dislocation density (Mecking and
Kocks, 1981; Taylor, 1934),
ℋ

2

(3.26)

𝜌𝑑 = (𝛾𝑏𝜇) ,

where ℋ is the stress quantity of hardening that represents 𝜅𝑋 and ‖𝛼𝑋 ‖ in the present
model, 𝛾 is the constant, 𝜇 is the shear modulus, 𝑏 is the magnitude of Burgers vector, and
2

𝜌𝑑 is the dislocation density. As the value of (𝜅𝑋2 + ‖𝛼𝑋 ‖ )⁄𝜇(𝑃, 𝑇) increases (i.e., driving force increases), both recrystallization rates increase.
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In order to describe a sigmoidal evolution pattern of the recrystallized volume fraction, a non-linear form, 𝑋 𝑎 (1 − 𝑋)𝑏 , which describes the interfacial area between recrystallized and nonrecrystallized grains, is employed (Brown and Bammann, 2012; Imran et
al., 2017; Speich and Fisher, 1966). The constants 𝑎 and 𝑏 determine the shape of the sigmoidal curve.
At the same time as dynamic recrystallization takes place, new dislocations are
continuously generated in the grains, reducing the recrystallized dislocation-free volume
fraction. Under the assumption of a homogeneous microstructural distribution, the reduction in recrystallized dislocation-free volume fraction is proportionally related to the increase in the dislocation density due to newly generated dislocations. Following this line
of reasoning, the present model’s hardening equations provide an approximated dislocation
density evolution rate, which can reasonably be thought of as the reduction rate of recrystallized dislocation-free volume fraction without additional formulations. The present formulation only assumes homogeneous dislocation generations. Hence, the present model
does not explain the heterogeneous multiple dislocation generations arising separately from
deformed and recrystallized structures in a unit volume. Utilizing the hardening rates and
Eq. (3.26), the reduction rate of recrystallized volume fraction, 𝑋̇𝑟𝑒𝑑 , is formulated as follows,
𝜅̇ +‖𝛼∘ ‖

𝑋̇𝑟𝑒𝑑 = 𝑐𝑥5 ( 𝜇(𝑃,𝑇) ) 𝑋 𝑐 ,

(3.27)

where 𝑐𝑥5 is a constant, 𝜅̇ is the recrystallization independent isotropic hardening rate,
∘

‖𝛼‖ is the equivalent quantity of recrystallization independent kinematic hardening rate
tensor, 𝜇 is the shear modulus, and 𝑐 is a material parameter exponent. When assuming the
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recrystallization rate is constant, as the reduction rate 𝑋̇𝑟𝑒𝑑 increases, the dislocation-free
volume fraction 𝑋 decreases.
3.3.3

Unified Grain Growth and Grain Size Reduction
During hot working, the average grain size is determined by a competition between

the grain growth and grain refinement. When recrystallization takes place, the average
grain size initially shows a transient behavior then approaches a steady-state. Tracking the
overall grain size behavior is important to accurately quantify the grain size effect on mechanical behavior such as the Hall-Petch behavior (Hall, 1951; Petch, 1953). In addition, a
unified grain size kinetics model that can simultaneously track the grain size evolution
under both static and dynamic conditions is needed to realistically capture the average grain
size evolution under complex boundary conditions. In this section, an average grain size
kinetics model that can track both transient and steady-state grain size is presented in a
unified manner.
As discussed earlier, the driving force of the grain growth phenomenon is mainly
related to the grain boundary energy and stored energy from deformation (Björklund and
Hillert, 1975; Su et al., 2008; Tanner and McDowell, 1999; Xu and Sakai, 1991; Zhang et
al., 2013). The static grain growth rate due to the grain boundary energy can be quantified
from annealing experiments (e.g., Ghauri et al., 1990; Randle and Horton, 1994). However,
quantification of the grain growth rate induced by the plastically stored deformation energy, separated from the grain boundary energy effect, is more challenging. Due to the
difficulty of experimental quantification, the present model only includes the phenomeno-

103

logical static grain growth rate determined by a static annealing test without the consideration of dislocation density dependence. Incorporating the stored strain energy effect into
the present grain growth model remains as a future work.
The static grain growth rate is widely known to be dependent on temperature, pressure, and grain size under the assumption of a single phase material (Gottstein et al., 1998;
Karato, 2012). The average grain growth rate 𝑑̇𝑔𝑟𝑤 is expressed as the following,
𝑑̇𝑔𝑟𝑤 =

𝜔
𝑛𝑑𝑔 𝑛−1

,

𝜔 = 𝜔0 𝑒𝑥𝑝 (−

𝐸 ∗ +𝑃𝑉 ∗
𝑅𝑇

),

(3.28)

where 𝜔0 is the grain growth rate constant, 𝑛 is the exponent determining a parabolic curvature, 𝑑𝑔 is the current average grain size, 𝐸 ∗ is the activation energy for the grain growth,
𝑃 is the hydrostatic pressure, 𝑉 ∗ is the activation volume for the grain growth, 𝑅 is the gas
constant, and 𝑇 is the absolute temperature.
As far as the reduction rate of grain size is concerned, this study uses the volume
fraction evolution rate of dynamic recrystallization 𝑋̇𝑑 because the grain size reduction is
mainly associated with dynamic deformation. Therefore, the grain size kinetics model is
coupled with the recrystallization. Also, experimental observations from the dynamically
recrystallized microstructures show that the average grain size initially decreases in a parabolic manner (e.g., Hughes and Hansen, 1991; Horstemeyer and McDowell, 1998; Fatemi
et al., 2007) then the grain size ultimately approaches a steady-state grain size at large
strains. Upon these observations, the average grain size reduction rate is formulated as
follows
2
𝑑̇𝑟𝑒𝑑 = 𝑐𝑔3 𝑋̇𝑑 𝑑𝑔 (𝑑𝑠 − 𝑑𝑔 ) ,
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(3.29)

where 𝑐𝑔3 is the reduction rate constant, 𝑋̇𝑑 is the volume fraction evolution rate of dynamic recrystallization, 𝑑𝑔 is the current average grain size, and 𝑑𝑠 is the steady-state average grain size. The steady-state average grain size, 𝑑𝑠 , is determined by a following relation,
𝐸 ∗ +𝑃𝑉 ∗

𝑑𝑠 = 𝑐𝑔1 𝛧 −𝑐𝑔2 = 𝑐𝑔1 [‖𝐷𝑖𝑛 ‖ 𝑒𝑥𝑝 (

𝑅𝑇

)]

−𝑐𝑔2

,

(3.30)

where 𝑐𝑔1 and 𝑐𝑔2 are material constants, 𝛧 is the Zener-Hollomon parameter (Zener and
Hollomon, 1944), ‖𝐷𝑖𝑛 ‖ is the inelastic part of equivalent deviatoric strain rate, 𝐸 ∗ is the
activation energy for grain growth, 𝑉 ∗ is the activation volume for grain growth, 𝑅 is the
gas constant, 𝑃 is the hydrostatic pressure, and 𝑇 is the absolute temperature. Because the
grain size reduction process is an inelastic mechanism, using the inelastic strain rate is more
appropriate than the total strain rate that is commonly used in the analysis of steady-state
average grain size. Many experimental data related to recrystallization have shown that the
recrystallized average grain size has a linear relationship with Zener-Hollomon parameter
in a logarithmic scale (e.g., Chang et al., 2004; Fatemi-Varzaneh et al., 2007; Humphreys,
1997; Peczak, 1995). An almost identical mathematical form to Eq. (3.30) is also found in
Fatemi-Varzaneh et al. (2007). According to experimental observations, as strain rate increases and temperature decreases (as 𝛧 increases), the recrystallized steady-state average
grain size decreases. By contrast, as strain rate decreases and temperature increases (as 𝛧
decreases), the recrystallized steady-state average grain size increases. Therefore, the present grain size evolution model can handle the average grain size approaching the steadystate grain size as determined by Eqs. (3.29) and (3.30) during the deformation. Eq. (3.29)
turns out to be similar to the one in Busso (1998). However, the equation in the present
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model is different in that the present model uses the dynamic recrystallization rate, 𝑋̇𝑑 ,
instead of total recrystallized volume fraction and a nonlinear function instead of a linear
function.
The total average grain size evolution rate can then be determined by summation
of the grain growth rate and the grain size reduction rate as follows
2
𝜔
𝑑𝑔̇ = 𝑑̇𝑔𝑟𝑤 − 𝑑̇𝑟𝑒𝑑 = 𝑛𝑑 𝑛−1 − 𝑐𝑔3 𝑋̇𝑑 𝑑𝑔 (𝑑𝑠 − 𝑑𝑔 ) .
𝑔

(3.31)

In several studies (e.g., El Wahabi et al., 2005; Sakai and Jonas, 1984; Shimizu,
2008; Ulrich et al., 2006) associated with the grain size kinetics during dynamic recrystallization, the authors argued that the steady-state grain size can be used as a criterion that
distinguishes whether the grain size kinetics is grain growth dominant or grain size reduction dominant. When the current grain size is smaller than the steady-state grain size, the
grain size kinetics essentially become growth dominant, approaching a steady-state grain
size. By contrast, when the current grain size is larger than the steady-state grain size, the
grain size reduction mechanism becomes dominant. Hence, Eq. (3.31) is constrained by a
condition as below
𝑑𝑠 ≤ 𝑑𝑔 .

(3.32)

If the steady-state average grain size, 𝑑𝑠 , is smaller than the current average grain size, 𝑑𝑔 ,
then the grain size reduction rate equation operates, and the previous average grain size is
subtracted by ∆𝑑𝑟𝑒𝑑 . Otherwise, 𝑑𝑠 temporarily becomes equal to the current grain size,
𝑑𝑔 , and the grain size reduction rate equation is turned off; only the grain growth term
operates without reduction.
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Additionally, coupling the recrystallized volume fraction with the grain size evolution rate ensures the postulate of equipresence for a constitutive theory (Malvern, 1969;
Truesdell and Toupin, 1960). To meet the equipresence postulate, an independent variable
needs to be present in all equations in a constitutive model. Since the dynamically recrystallized volume fraction (𝑋𝑑 ) is a function of hardening variables (𝜅𝑋 and 𝛼𝑋 ) and recrystallization variable itself (𝑋), the average grain size kinetics equation naturally includes
those variables. With the coupling among ISVs, the grain size history can be tracked in a
physical manner.
3.3.4

Relation of Recrystallization and Grain Size with Hardening Variables
The recrystallized dislocation-free volume fraction (𝑋) and the average grain size

(𝑑𝑔 ) directly influence the dislocation density and as such interact with the hardening equations. To couple them with hardening, the hardening equations (Eqs. (3.12) and (3.16)) are
modified as below. For the modified isotropic hardening,
2

𝑑𝑔0

𝑧

𝜅̇𝑋 = [𝐻(𝑃, 𝑇)(1 − 𝑋)‖𝐷𝑖𝑛 ‖ − (√3 𝑅𝑑 (𝑃, 𝑇)‖𝐷𝑖𝑛 ‖ + 𝑅𝑠 (𝑃, 𝑇)) 𝜅𝑋2 ] ( 𝑑 ) , (3.33)
𝑔

and for the modified kinematic hardening,
∘

𝛼𝑋
2

𝑑𝑔0

𝑧

= [ℎ(𝑃, 𝑇)(1 − 𝑋)𝐷𝑖𝑛 − (√3 𝑟𝑑 (𝑃, 𝑇)‖𝐷𝑖𝑛 ‖ + 𝑟𝑠 (𝑃, 𝑇)) ‖𝛼𝑋 ‖𝛼𝑋 ] ( 𝑑 ) , (3.34)
𝑔

where 𝑑𝑔0 is the initial average grain size, and 𝑧 is a constant exponent for the grain size
effect on the hardening. Eqs. (3.33) and (3.34) describe that the hardening rates are reduced
approximately by a factor of the fraction of recrystallized dislocation-free volume. As 𝑋
approaches unity, the hardening rate approaches zero. Also, the hardening rate equations
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are multiplied by the grain size term in Eqs. (3.33) and (3.34) to explain the grain size
dependence both on hardening and diffusion creep where they both increase as the grain
size decreases. Note that 𝜅𝑋 and 𝛼𝑋 represent isotropic and kinematic hardening variables
containing the recrystallization and grain size effect, which are different from previous
hardening variables (𝜅 and 𝛼) without the recrystallization and grain size variables.
From the continuum point of view, the present model assumes that the recrystallization process with the given SSD density is homogeneous even though the real recrystallized microstructures show inhomogeneities. The second rank tensor kinematic hardening
variable describes the anisotropic nature of dislocation density evolutions, but the present
model only captures an isotropically evolving recrystallization volume fraction with a
given magnitude of the GND density. The anisotropic recrystallization evolution caused
by anisotropic dislocation distributions is left for a future work.
In addition, when the recrystallized dislocation-free volume fraction variable 𝑋 increases (∆𝑋 > 0), the previous hardening values (denoted by a subscript 𝑖) must be subtracted by a factor of ∆𝑋⁄(1 − 𝑋𝑖 ) because the recrystallizing grains consume pre-existing
dislocations. An illustration of the growing volume fraction of recrystallized dislocationfree portion over time steps is shown in Figure 3.1. In contrast, when the 𝑋 decreases
(∆𝑋 < 0), no modifications are made for the previous hardening values, because the recrystallization is an irreversible process, that is to say that the removed dislocations are not
recovered. The variation of dislocation density due to the recrystallization can then be
tracked over a time step by the following relations,
∆𝑋

ℋ𝑖,𝑐 = (1 − 1−𝑋 ) ℋ𝑖 ,

∆𝑋 > 0

ℋ𝑖,𝑐 = ℋ𝑖 ,

∆𝑋 ≤ 0

𝑖

108

(3.35)

where ℋ𝑖 are hardening variables (ℋ ∋ 𝜅𝑋 , 𝛼𝑋 ) at time step 𝑖, ℋ𝑖,𝑐 are the corrected hardening variables at time step 𝑖, 𝑋𝑖 is the recrystallized dislocation-free volume fraction at
time step 𝑖, and ∆𝑋 is the increment of 𝑋. In such a way, the isotropic and kinematic hardening variables are evolved over a time step as follows,
∆𝑋

𝜅𝑋,𝑖+1 = (1 − 1−𝑋 ) 𝜅𝑋,𝑖 + ∆𝜅𝑋
𝑖

∆𝑋

𝛼𝑋,𝑖+1 = (1 − 1−𝑋 ) 𝛼𝑋,𝑖 + ∆𝛼𝑋

(∆𝑋 > 0),

𝜅𝑋,𝑖+1 = 𝜅𝑋,𝑖 + ∆𝜅𝑋
(∆𝑋 ≤ 0), (3.36)
𝛼𝑋,𝑖+1 = 𝛼𝑋,𝑖 + ∆𝛼𝑋

𝑖

where 𝑋𝑖+1 = 𝑋𝑖 + ∆𝑋, and subscripts 𝑖 and 𝑖 + 1 are previous and next time steps, respectively. Using the incremental correction above, the evolution of dislocation density can
be consistently tracked over time.
Regarding the grain size effects on hardening, this study employed a modified form
(Horstemeyer, 2012) of the Hall-Petch equation using a generalized exponent instead of
0.5. Hence, the modified equation is given by
𝑑𝑔0

𝑧

ℋ = ℋ0 ( 𝑑 ) ,
𝑔

(3.37)

where ℋ0 is the reference value of hardening (ℋ ∋ 𝜅, 𝛼), and ℋ is the current hardening
due to the evolving average grain size (𝑑𝑔 ). Eq. (3.37) also provides some mathematical
flexibility in our ISV model formulations. The validity of Eq. (3.37) for grain size dependence on hardening will be explained in Discussion section.
3.3.5

Flow Rule Unifying Creep, Plasticity, Recrystallization, and Grain Size Effects
The present ISV constitutive model defines an deviatoric inelastic flow rule using

the ISVs in a hyperbolic sine functional form as an identical form to Bammann (1990,
1984), Bammann and Aifantis (1987), and Horstemeyer et al. (2000), which is given by
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𝐷𝑖𝑛 = 𝑓(𝑇) 𝑠𝑖𝑛ℎ [

‖𝜎′ −𝛼𝑋 ‖−𝜅𝑋 −𝑌(𝑇)
𝑉(𝑇)

] 𝑛,

(3.38)

where 𝑓(𝑇) is the rate dependent initial yield, 𝑉(𝑇) determines the magnitude of rate dependence on yield, 𝑌(𝑇) is the rate independent yield, 𝜎 ′ is the deviatoric true stress, 𝛼𝑋 is
the kinematic hardening tensor, 𝜅𝑋 is the isotropic hardening, and 𝑛 is the inelastic flow
direction tensor. The parameters for yield stress are given by
𝐶

(3.39)

𝑌(𝑇) = 𝐶3 𝑒𝑥𝑝 ( 𝑇4 ),

(3.40)

𝐶

(3.41)

𝑉(𝑇) = 𝐶1 𝑒𝑥𝑝 (− 𝑇2 ),
𝐶

𝑓(𝑇) = 𝐶5 𝑒𝑥𝑝 (− 𝑇6 ).

Even though Eqs. (3.39)–(3.41) look similar to each other as they incur an Arrhenius temperature dependence, they have different roles in the flow rule and yield strength. For example, 𝑌(𝑇) does not have a negative sign in its temperature dependent exponential term,
which shows that the yield strength decreases as the temperature increases. By contrast, the
strain rate sensitivity parameters of the yield strength (i.e., 𝑉(𝑇) and 𝑓(𝑇)) increase as the
temperature increases. A detailed discussion is provided in Bammann (1990).
Assuming an associative flow rule, the inelastic flow direction tensor in the present
model is defined as
𝜎′ −𝛼

𝑛 = ‖𝜎′ −𝛼𝑋‖.
𝑋

(3.42)

Note that the flow rule of the present model unifies the effects of elasticity, plasticity, creep, recrystallization, and grain size, which is an important feature that phenomenological models (using only OSVs) are unable to reproduce (Sherburn et al., 2011a).
Finally, a Mises type yield function is defined by inverting Eq. (3.38) as follows,
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‖𝐷 𝑖𝑛 ‖

ℱ𝑦 = ‖𝜎 ′ − 𝛼𝑋 ‖ − 𝜅𝑋 − 𝑌(𝑇) − 𝑉(𝑇) 𝑠𝑖𝑛ℎ−1 [ 𝑓(𝑇) ] = 0,

(3.43)

where ℱ𝑦 is a homogeneous yield function that describes a Mises type yield surface. When
ℱ𝑦 > 0, inelastic flow starts. As the kinematic hardening evolves, the center of yield surface moves, while, as the isotropic hardening evolves, the radius of yield surface changes.
Because this yield function contains the ISVs, the history of yield surface variation reacting
to complex boundary conditions can be tracked.
3.3.6

Implementations of the Recrystallization and Grain Size Kinetics Equations
The presented recrystallization rate equations are highly nonlinear. Once these or-

dinary differential equations are numerically integrated, integration errors increase as the
time spacing coarsens. To reduce the numerical integration error, either a trapezoidal implicit exponential integration scheme (Freed and Walker, 1991; Walker and Freed, 1991)
with Newton-Raphson iterations or a 4th-order Runge-Kutta (explicit) method, which outperformed typical lower order methods such as forward Euler, backward Euler, or asymptotic exponential integration methods in this specific problem, was used. The integration
schemes applied for these ordinary differential equations are summarized, and the accuracy
is compared in Appendix B in detail. For initialization for the recrystallization variable 𝑋,
the initial value was set to 10-6 instead of zero to avoid a numerical singularity.
The average grain size evolution rate equation is also nonlinear. For this equation,
the Crank-Nicholson method (semi-implicit) with the Newton-Raphson iterations, which
shows a better accuracy than the fully implicit Euler method or explicit Euler method, was
used.
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3.4

Results (Model Calibration)
The formulated recrystallization and grain size dependent ISV constitutive model

is calibrated against experimental data. In order to show the general applicability of the
present model, several experimental literature data for the following metals and minerals
were chosen: OFHC copper (FCC structure), magnesium alloy AZ31 (HCP structure), pure
nickel (FCC structure), low carbon steel AISI 1010 (BCC structure), olivine (orthorhombic
structure), and clinopyroxene (monoclinic structure).
To calibrate the model, several parameters for the static grain growth and the grain
size-hardening relation are required first. The experimentally determined average grain size
data from annealing tests for each material were used to calibrate the static grain growth
parameters using the least square method as shown in Figure 3.2. The calibrated grain
growth rate constant 𝜔0 differs by many orders of magnitude among materials, which has
to do with the growth rate constant’s mathematical nonlinear relationships with the activation enthalpy and grain growth exponent. Also, the exponent 𝑧 in Eq. (3.37) was calibrated
as shown in Figure 3.3. The calibrated parameters are summarized in Table 3.1 as well.
With identical boundary conditions as explained in available experimental literature for each material, the present ISV model’s constants and parameters were calibrated
against laboratory stress-strain and grain size-strain data, using an optimization tool, DMGFit, which was developed at the Center for Advanced Vehicular Systems (CAVS) at Mississippi State University (see http://icme.hpc.msstate.edu/macroscale). The calibrated constants and parameters of the ISV model for each material are listed in Table 3.2.
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Figure 3.2

Calibration for the static grain growth model against experimental data of
polycrystalline metals and minerals

Comparison between the Internal State Variable (ISV) recrystallization model calibration
of the static grain growth rate and experimental data for copper (Ghauri et al., 1990), AZ31
magnesium alloy (Miao et al., 2010), pure nickel (Randle and Horton, 1994), low carbon
steel AISI 1010 (Cho et al., 2018), and olivine (Karato, 1989).
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Figure 3.3

Calibration for the grain size-hardening (Hall-Petch) exponent against experimental data of polycrystalline metals and minerals

Comparison between calibrated results for the grain size-hardening relationship equation
(Eq. (3.37)) used in the Internal State Variable (ISV) recrystallization model and experimental data for OFHC copper (Sakai, 1995), AZ31 magnesium alloy (Al-Samman and
Gottstein, 2008), pure nickel (Luton and Sellars, 1969), mild steel (and irons) (Li et al.,
2016; Petch, 1953), and olivine (Hansen et al., 2012b; Karato et al., 1980; Van der Wal et
al., 1993)
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Table 3.1

Parameters for the static grain growth and the grain size-hardening relationship used in this study

Parameter Units
Coppera
Static grain growth
𝑛
–
2.0
n
𝜔0
µm /s
3.60e+04
∗
𝐸
kJ/mol
82.0
Grain size-hardening exponent
𝑧
–
0.65
a
OFHC copper
b
Magnesium alloy AZ31
c
Pure nickel
d
Low carbon steel AISI 1010
e
Mild steel and irons
3.4.2
3.4.2.1

Magnesiumb Nickelc

Steeld

Olivine

4.0
1.48e+09
80.8

2.0
1.30e+10
230.0

10.0
3.50e+13
120.0

2.3
3.40e+17
625.0

0.70

0.90

0.50e

0.80

Applications: Polycrystalline Metals
OFHC Copper (FCC)
Tanner and McDowell (1999) performed comprehensive mechanical tests (uniaxial

compression, free-end torsion, and load-unload-hold-reload, and stepping of temperatures
and strain rates) and microstructural analysis at various temperatures and strain rates. Particularly, they provided transient grain sizes during deformation, which were very helpful
to calibrate the grain size evolution during deformation. Using their experimental stressstrain (uniaxial compression) and grain size data, the present ISV model was calibrated.
For the elastic modulus, linearly approximated temperature dependent shear modulus,
𝜇 (MPa) = 5.47×104 − 34.1𝑇 (Brown and Bammann, 2012), was used.
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Table 3.2

The ISV constitutive model constants used in the present study

Parameter
Units
Yield stress
𝑉
𝐶1
MPa
𝐶2
K
𝑌
𝐶3
MPa
𝐶4
K
𝑓
𝐶5
s-1
𝐶6
K
Kinematic hardening 𝛼
𝑟𝑑
𝐶7
MPa-1
𝐶8
K
𝐶21
MPa-1K
ℎ
𝐶9
–
𝑟𝑠
𝐶11
MPa-1s-1
𝐶12
K
𝐶23
MPa-1K
Isotropic hardening 𝜅
𝑅𝑑
𝐶13
MPa-1
𝐶14
K
𝐶24
MPa-1K
𝐻
𝐶15
–
𝑅𝑠
𝐶17
MPa-1s-1
𝐶18
K
𝐶26
MPa-1K
Recrystallization 𝑋
𝐶𝑥𝑑
𝐶𝑥1
MPa-1
𝐶𝑥2
K
𝐶𝑑𝑝
MPa-1K
𝐶𝑥𝑠
𝐶𝑥3
MPa-1s-1
𝐶𝑥4
K
𝐶𝑠𝑝
MPa-1K
𝑋𝑟𝑒𝑑 𝐶𝑥5
–
𝑎
–
𝑏
–
𝑐
–
Grain size 𝑑𝑔
𝐶𝑔1
𝑑𝑠
µm s-Cg2
𝐶𝑔2
–
𝑑𝑟𝑒𝑑 𝐶𝑔3
µm-2

Coppera

Magnesiumb

Nickelc

5.637e+00
1.126e+02
8.378e+00
3.249e+02
2.971e+00
2.548e+03

4.084e+00
1.519e+02
2.423e+00
1.175e+03
7.275e+03
1.119e+04

9.073e+00
–
3.300e+01
–
1.502e+00
–

1.345e–01
3.511e+02
–
2.869e–02
2.928e–02
4.337e+03
–

2.449e+05
7.771e+03
–
1.343e–01
1.347e+03
8.020e+03
–

1.589e–01
–
–
8.214e–03
3.342e–02
–
–

5.098e–02
4.766e+02
–
6.924e–03
2.487e+00
7.611e+03
–

9.420e+05
8.712e+04
–
1.193e–02
1.754e+01
1.180e+05
–

3.665e–02
–
–
1.326e–03
2.500e–04
–
–

1.780e+06
7.806e+03
–
5.401e+04
8.943e+03
–
5.000e+00
8.052e–01
3.680e+00
4.485e+00

3.606e+05
5.513e+03
–
1.280e+03
5.987e+03
–
2.551e+00
5.922e–01
6.356e–01
2.583e+01

9.800e+01
–
–
1.697e+02
–
–
3.405e+01
9.788e–01
4.382e+00
5.361e+00

7.410e+04
8.826e–01
1.185e–03

7.688e+01
3.065e–01
2.000e-02

5.999e+02
8.078e–02
1.000e–03
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Table 3.2 (continued)
Parameters
Units
Steeld
Olivine
Yield stress
𝑉
𝐶1
MPa
–
4.748e+03
𝐶2
K
–
–
𝑌
𝐶3
MPa
1.650e+02
1.080e+02
𝐶4
K
4.400e+02
–
𝑓
𝐶5
s-1
1.000e+00
1.000e+00
𝐶6
K
–
–
Kinematic hardening 𝛼
𝑟𝑑
𝐶7
MPa-1
1.500e–07
1.471e+00
𝐶8
K
3.497e+02
–
-1
𝐶21
MPa K
–
–
ℎ
𝐶9
–
4.500e–03
9.698e–02
-1 -1
𝑟𝑠
𝐶11
MPa s
6.000e–06
6.301e–05
𝐶12
K
3.497e+02
–
-1
𝐶23
MPa K
–
–
Isotropic hardening 𝜅
𝑅𝑑
𝐶13
MPa-1
1.400e–07
2.806e–02
𝐶14
K
5.310e+01
–
𝐶24
MPa-1K
–
–
𝐻
𝐶15
–
7.000e–03
3.662e–02
-1 -1
𝑅𝑠
𝐶17
MPa s
2.200e–04
6.761e–05
𝐶18
K
5.300e+01
–
-1
𝐶26
MPa K
–
–
Recrystallization 𝑋
𝐶𝑥𝑑
𝐶𝑥1
MPa-1
1.000e+04
1.950e+00
𝐶𝑥2
K
3.000e+03
–
-1
𝐶𝑑𝑝
MPa K
–
–
𝐶𝑥𝑠
𝐶𝑥3
MPa-1s-1
1.000e+02
3.500e–03
𝐶𝑥4
K
5.000e+03
–
-1
𝐶𝑠𝑝
MPa K
–
–
𝑋𝑟𝑒𝑑 𝐶𝑥5
–
1.000e+01
7.672e–01
𝑎
–
9.300e–01
4.966e–01
𝑏
–
9.900e–01
1.338e+00
𝑐
–
1.000e–01
1.835e+00
Grain size 𝑑𝑔
𝐶𝑔1
𝑑𝑠
µm s-Cg2
–
6.000e+05
𝐶𝑔2
–
–
2.500e–01
-2
𝐶
𝑑𝑟𝑒𝑑 𝑔3
µm
–
1.000e–01
a
OFHC copper; b Magnesium alloy AZ31; c Pure nickel
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Clinopyroxene
2.000e+02
1.000e+03
1.000e–01
4.000e+03
1.000e+00
–
–
–
–
–
–
–
–
1.515e+01
2.061e+03
2.000e–02
1.916e+02
2.220e–02
9.043e+03
1.000e–01
3.496e+05
8.518e+03
8.901e+01
1.231e+04
1.245e+04
9.457e+00
6.150e+02
7.815e–01
4.232e+00
6.370e+01
–
–
–

Figure 3.4 shows the comparisons of the model results to the experimental stressstrain data of OFHC copper at various temperatures (298 K–814 K) and various strain rates
(0.0004 s-1–1.0 s-1). The model accurately captured the overall stress-strain behavior of a
wide range of temperatures and strain rates. As the temperature increases from 298 K to
814 K, the recrystallization rate increases, and the saturated (steady-state) volume fraction
of recrystallized dislocation-free portion 𝑋 also increases as shown in Figure 3.5a. At 298
K, almost no recrystallization occurred. Regarding the strain rate effect, 𝑋 quickly increased and saturated to its steady-state level as the strain rate decreased, which can be
observed in the stress-strain behavior as well (Figure 3.5b).
Figure 3.6 shows that the average grain size evolved during deformation at various
temperatures (298 K–814 K) and 0.0004 s-1 strain rate. The transient grain size data analyzed by Tanner and McDowell (1999) is difficult to interpret, because the grain sizes at a
strain of 0.92 do not show an apparent pattern with respect to the applied temperature. This
complexity mainly results from the amount of recrystallized volume fraction at a certain
strain. In order to correctly interpret the transient grain size, both the recrystallized volume
fraction and the recrystallized grain size must be simultaneously considered. For instance,
at 298 K the grain size was almost unchanged, because very little dynamic recrystallization
occurred over the strain range; consequently, the grain size did not approach its steadystate size. If only the steady-state grain size is considered, then the final grain size at 298
K should be the smallest one among the temperatures considered in this experiment. Thus,
the transient grain size data clearly show that the grain size kinetics model must be coupled
with recrystallization in order to accurately capture the transient grain size.
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Figure 3.4

Stress-strain comparison of OFHC copper between the Internal State Variable (ISV) recrystallization model and experimental data

Experimental data are from Tanner and McDowell (1999) conducted the deformation under (a) various temperatures (298–814 K) and a strain rate of 0.0004 s-1, and (b) simultaneously various strain rates (0.0004–1.0 s-1) and temperatures (542 and 814 K).
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Figure 3.5

Predicted the recrystallized dislocation-free volume fraction of OFHC copper during the deformation

Internal State Variable (ISV) recrystallization model’s predicted progression of the recrystallized dislocation-free volume fraction of OFHC copper over a range of (a) temperatures
(298–814 K) and (b) strain rates (0.0004–1.0 s-1).
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Figure 3.6

Comparison of the average grain size progression between the Internal
State Variable (ISV) recrystallization model and transient grain size data

The grain size data are from Tanner and McDowell (1999) conducted the experiment for
deformation at various temperatures (298–814 K) and a strain rate of 0.0004 s-1.
In the present model, the volume fraction rate of dynamic recrystallization was embedded in the grain size reduction rate equation as shown in Eq. (3.31). Based on the coupling between the dynamically recrystallized volume fraction rate and the grain size reduction rate, the model captures the overall transient grain sizes over the full range of temperatures. Nevertheless, some mismatches between the results from the present model and the
experimental data exist. To characterize the mismatches and further improve the model,
more transient grain size data and their detailed experimental uncertainties are required.
3.4.2.2

Magnesium Alloy AZ31 (HCP)
The second applied material is a magnesium alloy AZ31. The static grain growth

parameters and Hall-Petch relationship were calibrated using the lab data from Miao et al.
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(2010) and Al-Samman and Gottstein (2008), respectively (see Figure 3.2 and 3.3 and Table 3.1). The experimental stress-strain and steady-state grain size data from Al-Samman
and Gottstein (2008) were chosen to calibrate the present model. For the shear modulus, a
linearly approximated relation with the temperature, 𝜇 (MPa) = 2.15×104 − 22.0 𝑇, was
assumed (Yang et al., 2010).
The stress-strain behavior of AZ31 given by Al-Samman and Gottstein (2008)’s
uniaxial compression tests at various temperatures (473 K–673 K) and strain rates (0.0001
s-1–0.01 s-1) is quite complex. The true stress initially increases, indicating a high work
hardening rate, but the stress rapidly decreases after its peak because of the recrystallization
process. Then, the stress slowly increases again (see Figure 3.7). According to Al-Samman
and Gottstein (2008), the samples underwent recrystallization even at lower temperatures
(473 K), and the recrystallization process largely reduced its strength and increased ductility. In Figure 3.7a, the present ISV modeling results were compared to lab stress-strain data
(Al-Samman and Gottstein, 2008). The model showed an excellent agreement over a range
of temperatures and strain rate. Near the strain of 0.2, at which the peak values of stress
appear, the recrystallization rate rapidly increased; subsequently, the flow stress rapidly
decreased. However, after the large softening, the work hardening rate became slightly
greater than the recrystallization rate, and the stress gradually increased after approximately 0.8 strain. Unfortunately, Al-Samman and Gottstein (2008) do not discuss this latter
small increase in flow stress. Therefore, assuming that no other special mechanisms took
place, their stress-strain behavior can be interpreted as a result from a competition, which
takes place as a process in approaching a dynamic equilibrium state, among work hardening, recovery, and recrystallization rates.
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Figure 3.7

Stress-strain and steady-state DRX grain size comparison of AZ31 magnesium alloy between the Internal State Variable (ISV) recrystallization
model and experimental data

Comparison between the calibrated result from the Internal State Variable (ISV) recrystallization model and the experimental data of uniaxial compression tests by Al-Samman and
Gottstein (2008) for AZ31 magnesium alloy: (a) stress-strain curves and (b) steady-state
average grain size at 1.2 strain under various temperatures (473–673 K) and strain rates
(0.0001–0.01 s-1).
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Based on the competitions among the work hardening, recovery, and recrystallization rates, the present ISV model could calibrate its stress-strain behavior since the model
was constructed.
Regarding the calibrated constants summarized in Table 3.2, prominently high values of ISV model hardening and recovery rate constants are mostly due both to initial large
hardening and large softening. Because of the high hardening, recovery rates were also
increased competing against dislocation multiplication processes. Moreover, the high recovery mechanisms also contributed to a large amount of softening occurred along with
the recrystallization process. Nevertheless, this study is only limited to one data set of a
magnesium alloy; hence, more studies may be needed to better constrain the present
model’s constants for the magnesium alloy.
Figure 3.7b shows that the steady-state average grain sizes over the full range of
temperatures and strain rates were accurately captured within the experimental uncertainty
ranges provided in Al-Samman and Gottstein (2008). In their report, only the steady-state
average grain sizes were presented without information of the transient behavior. The
steady-state average grain size increases as temperature increases and strain rate decreases
(i.e., as the Zener-Hollomon parameter decreases) because the grain growth rate increases
and becomes dominated over the grain size reduction rate. In contrast, as the temperature
decreases and strain rate increases (i.e., as the Zener-Hollomon parameter increases), the
steady-state average grain size decreases because the grain size reduction overtakes the
growth rate.
Additionally, some hot deformation studies on AZ31 reported that recrystallized
grains can be nucleated in the twin boundaries (Barnett, 2003) and inside twin domains
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(Al-Samman and Gottstein, 2008) where relatively higher stored deformation energy than
typical grain matrix is contained. The present ISV recrystallization model does neither separate this twin related recrystallization mechanism and its effect on stress-strain behavior
from typical recrystallization mechanisms nor explain the explicit mechanism of twinning.
However, the present recrystallization model deals with volume fractional reduction of dislocation density due to the recrystallization regardless of its locations, and thereby the present model can somewhat capture and include the twinning effect on the recrystallization.
Nevertheless, more study of a relationship between twinning and recrystallization is needed
to better explain comprehensive material constitutive behavior.
3.4.2.3

Pure Nickel (FCC)
Polycrystalline pure nickel was chosen to calibrate the present ISV constitutive

model. The static grain growth data, given by Randle and Horton (1994), were calibrated
to gain the required parameters as listed in Table 3.1. The Hall-Petch relation was also
found based on lab data from Luton and Sellars (1969) (see Figure 3.3 and Table 3.1).
Luton and Sellars (1969) performed torsional tests for pure nickel at various temperatures
and strain rates. However, in their paper, only full stress-strain curves performed at a constant temperature of 1207 K and multiple equivalent strain rates (0.002 s-1–3.96 s-1) were
reported. Therefore, the focus is given only on the strain rate effects on the recrystallization
and grain size.
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Figure 3.8

Stress-strain and grain size comparison of pure nickel between the Internal
State Variable (ISV) recrystallization model and experimental data

Comparison between the calibrated results from the Internal State Variable (ISV) recrystallization model and the experimental data of torsion tests from Luton and Sellars (1969)
for pure nickel at various strain rates (0.0021–3.96 s-1) and a temperature (1207 K): (a) the
stress-strain curves and (b) the transient average grain size.
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In calibrating the strain rate dependent stress-strain data, the temperature dependent
constants of the present ISV model were turned off with zeros as listed in Table 3.2. Figure
3.8 shows the comparison of the present model to the lab stress-strain (equivalent) and
steady-state grain size data (at an equivalent strain of 4). Over the large range of strain, the
stress-strain behavior from the model and lab experiments showed great agreement. As
strain rate increased, the dynamic recrystallization effect became more dominant over the
static recrystallization effect.
In contrast, as strain rate decreased, the static recrystallization effect became more
dominant than the dynamic recrystallization effect. The reasoning about competition between the dynamic recrystallization (mostly related to subgrain rotation recrystallization)
and the static recrystallization (mostly related to migration recrystallization) under various
strain rates is also well correlated with the samples’ grain sizes. The sample’s average grain
size, deformed at a higher strain rate, showed a much finer size. Once a greater strain rate
is applied to a material, subgrain rotation due to strong dynamic dislocation recovery takes
place, and newly nucleated grains are formed. However, because the grain growth time is
not enough at a higher strain rate, newly nucleated grains still remain small. As a result,
the dynamically recrystallized steady-state average grain size at a higher strain rate becomes smaller than that at a lower strain rate. The present model accurately captured the
steady-state grain sizes in this unified manner. In Figure 3.8b, the transient average grain
size predicted by the present model was also shown; however, more experimental data of
the transient grain size are needed for a more complete calibration.
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3.4.2.4

Steel Alloy (BCC)
The temperature dependent ISV model constants were calibrated using stress-strain

data of low carbon steel AISI 1010 at two different temperatures of 298 and 623 K and a
strain rate of 0.001 s-1. The experimental stress-strain data are found in Cho et al. (2018).
For the shear modulus, a linearly approximated temperature dependent shear modulus,
𝜇 (MPa) = 9.69×104 − 41.7 𝑇, was assumed (Fukuhara and Sanpei, 1993). Also, the static
grain growth rate parameters and the Hall-Petch exponent were calibrated based upon lab
experimental data (Cho et al., 2018; Petch, 1953) (see Table 3.1 and Figure 3.2 and 3.3).
Petch (1953) provided flow strength data of mild steel and iron alloys, but the flow strength
(𝜎) was subtracted by frictional stress (𝜎0 ) in order to estimate the grain size-hardening
exponent in the framework of the present model. This formulation is explained in more
detail in Discussion section.
Figure 3.9 compares results of the ISV model’s calibrated results and the experimental stress-strain data of 1010 steels. As shown in Table 3.2, the calibrated values of
recovery rate constants are significantly lower compared to ones of other materials, which
may imply a small amount of recovery along with low dislocation multiplication. However,
because this calibration was performed only in a limited range of temperatures (298 K and
623 K) at a particular strain rate (0.001 s-1), it is difficult to physically constrain these
hardening constants. Nevertheless, for the sake of consistency with the previous work by
Cho et al. (2018), this set of hardening model constants were used because some results
from Cho et al. (2018) will be used for an example of model validation in the present study.
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Figure 3.9

Stress-strain comparison of low carbon steel (AISI 1010) between the Internal State Variable (ISV) recrystallization model and experimental data

Stress-strain comparison between the calibrated results from the Internal State Variable
(ISV) recrystallization model and the experimental data of uniaxial tension tests found in
Cho et al. (2018) for AISI 1010 low carbon steel at a strain rate (0.001 s -1) and various
temperatures (298 K and 623 K).
In regard to recrystallization, the recrystallized volume fraction somewhat slowly
evolved at a temperature of 623 K, and the stress softening was clearly exhibited after 30
% strain. The model accurately calibrated this recrystallization dependent stress-strain behavior.
3.4.3

Applications: Mineral Aggregates
In the geoscience community, recrystallization and grain size kinetics have been

considered as important mechanisms in understanding the Earth’s deformation and rheol-
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ogy (Karato, 2012). Thus, developing a unified robust constitutive model including recrystallization and grain size variables is very important to investigate geological problems
such as the mantle’s dynamics.
This section presents ISV model calibrations for polycrystalline olivine and clinopyroxene, both of which are important upper mantle materials. In particular, the pressure
dependence on the work hardening, recovery, and recrystallization are evaluated in the
application of clinopyroxene.
3.4.3.1

Olivine (Orthorhombic)
Olivine is known as the most abundant silicate mineral in the upper mantle (from

top surface to 410 km in depth). Olivine has a chemical composition of (Mg,Fe)2SiO4 and
is an orthorhombic structure. In order to investigate its deformational behavior, Hansen et
al. (2012) performed torsional tests (Paterson and Olgaard, 2000) for iron-rich olivine aggregates at various strain rates (0.000036–0.0061 s-1), a temperature of 1473 K, and a pressure of 300 MPa. During deformation, a significant amount of recrystallization and grain
size reduction took place.
Using some available static grain growth data (Karato, 1989) and stress-grain size
data (Hansen et al., 2012b; Karato et al., 1980; Van der Wal et al., 1993), the model parameters were calibrated as listed in Table 3.1 (see Figure 3.2 and 3.3). For simultaneous
temperature and pressure dependent shear modulus, 3rd-order Birch-Murnaghan equation
of state was used.
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Figure 3.10

Stress-strain and grain size comparison of olivine between the Internal
State Variable (ISV) recrystallization model and experimental data

Comparison between the calibrated results from the Internal State Variable (ISV) recrystallization model and the experimental results of torsion tests from Hansen et al. (2012) for
olivine at various strain rates (0.000036–0.0061 s-1), a temperature (1473 K), and a hydrostatic pressure (300 MPa): (a) the stress-strain curves and (b) the average grain size evolution.
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Figure 3.10 shows comparisons of stress-strain behavior and steady-state grain size
between experimental data and the model’s results. Since only strain rate dependent data
were provided, the temperature and pressure dependent ISV constants was turned off with
zeros (see Table 3.2). The calibrated constants of the static recovery rates (𝐶11 and 𝐶17 )
and the static recrystallization rate (𝐶𝑥3 ) were much lower compared to other materials
(particularly nickel). This represents that recovery and recrystallization mechanisms are
primarily associated with the deformation (dynamic) dependence over the time (static) dependence. Stress-strain behavior also shows that the strength of olivine is highly sensitive
to the strain rate change. Over the large range of strain, the stress-strain behavior was accurately captured. Although the model could not be compared for the transient grain sizes,
because they were not given in Hansen et al. (2012), the steady-state grain sizes were well
captured.
3.4.3.2

Clinopyroxene (Monoclinic)
Kirby and Kronenberg (1984) performed uniaxial compression tests at various con-

fining pressures (170 MPa–1,990 MPa), temperatures (873 K–1373 K), and strain rates
(10-7–10-3 s-1) in order to investigate clinopyroxenite’s (a clinopyroxene solid solution between diopside and hedenbergite) mechanical behavior.
To evaluate the pressure dependence of the present model, some pressure dependent stress-strain data were chosen from the lab data in Kirby and Kronenberg (1984), including additional stress-strain data at different temperatures and strain rates. In this application, the grain size and its mechanical effect were ignored because the data were not
given in Kirby and Kronenberg (1984).
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Figure 3.11

Stress-strain comparison of clinopyroxene between the Internal State Variable (ISV) recrystallization model and experimental data

Stress-strain comparison between the calibrated results from the Internal State Variable
(ISV) recrystallization model and experimental results of uniaxial compression tests for
clinopyroxenite by Kirby and Kronenberg (1984) at various temperatures (873–1273 K),
confining pressures (170–1990 MPa), and strain rates (0.00001–0.0001 s-1)
Figure 3.11 shows the comparison of the model and experimental data, using the
model constants in Table 3.2. The calibrated model constants show that the dynamic recovery rate constant (𝐶13 ) is larger than one of the static recovery rate (𝐶17 ). This high
dynamic recovery rate is also observed in clinopyroxene’s stress-strain behavior (Figure
3.11). Within the small strain regime, the material quickly hardened and reached a stress
saturation, which implies that a deformation-associated recovery process was more dominant than time-associated recovery. The stress-strain behavior from the model was well
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correlated to experimental data at various temperatures, pressures, and strain rates. In particular, as the pressure decreased, the recrystallization rate increased, which was captured
by Eqs. (3.23) and (3.25). Additionally, the temperature counteracted the pressure, so at
simultaneously high pressures and temperatures, recrystallization was operative (e.g., the
data at 1273 K and 1520 MPa). This application shows that the present model correctly
describes the pressure dependence of hardening, recovery, and recrystallization kinetics as
well as temperature and strain rate dependence.
3.5

Discussion (Model Validation)
Now that the model for six different materials have been calibrated. In the following

section, some validation experiments for the model are presented. First, the deformation
behavior of copper in non-monotonic thermal and strain rate histories is explored. Second,
multiple steps processes of tube making for a steel alloy is examined. In particular, history
effect and its necessity for a robust and comprehensive constitutive model are emphasized
in both validation experiments. Finally, rationality of the equation for grain size-hardening
relationship being used in the present model is discussed.
3.5.1

History Effect
One of the important capabilities of an ISV constitutive model is that of capturing

the thermomechanical history. In order to evaluate the present ISV model’s history dependence, this study uses data of sequential deformation, temperature, and strain rate experiments for OFHC copper (Tanner and McDowell, 1999) and multistage tubing processes
for low carbon steels (Cho et al., 2018). In order to model these sequential experiments,
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almost identical experimental boundary conditions as described in their reports were executed in a material point simulator used earlier in this work. To validate the model, the
exact same model constants and parameters as described in Tables 3.1 and 3.2 were used
without any modifications.
3.5.1.1

Sequential Transitions of Different Loading Conditions
Figure 3.4 shows the model calibration to experiments, and the material constants

are given in Table 3.2. Without changing the material constant values, the model’s predictive capability is now tested under sequential loading conditions by changing the temperature and the strain rate history. As Figure 3.12 indicates, OFHC copper was initially deformed at a temperature of 542 K and a strain rate of 0.0004 s-1. Then, the copper was held
for time periods of 120 and 600 seconds, respectively (Tanner and McDowell, 1999). During the holding periods, the strained copper underwent static recovery, recrystallization,
and grain growth processes. These microstructural rearrangements reduced the prestrained
material’s stored energy (decreasing dislocation density) and weakened the material’s
stress over the hold time. For a constitutive model to track these microstructural changes
during these hold times followed by deformation, the model must be able to handle the
material’s responses under these sequential boundary conditions with no manipulations.
Hence, the unification of the static and dynamic kinetics of recrystallization, grain size,
and recovery is extremely crucial.
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Figure 3.12

Model validation for sequential load-unload-hold-reload tests with various
hold times

Sequential load-unload-hold-reload test at 542 K with various hold times (120 and 600
seconds): (a) stress-strain comparison between lab data from Tanner and McDowell (1999)
and the predicted results from Internal State Variable (ISV) recrystallization model; and
(b) evolution of isotropic (𝜅𝑋 ) and kinematic (norm of 𝛼𝑋 ) hardening variables predicted
by the ISV model.
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Also, to realistically model the material’s behavior in these complex sequential
boundary conditions, the variables in the constitutive model must have memories of the
material’s previous state, and these memories can only be acquired from history dependent
variables (e.g., ISVs). If a model solely depends on OSVs (such as power law creep (Sherburn et al., 2011a), Ramberg-Osgood (Ramberg and Osgood, 1943), or Johnson-Cook
(Johnson and Cook, 1983) models) without history information of a material’s state, then
the model will not be able to correctly track the microstructural evolutions and its effects
on mechanical properties under these sequential loading transitions.
After each holding time, the copper is reloaded under the same temperature and
strain rate. The initial state (after holding) of the material’s microstructures in reloading is
completely different from the initial microstructure (the undeformed copper). Therefore,
the model must be initialized from the state of microstructures and mechanical properties
immediately after the holds.
The current ISV model possesses the above history dependent capabilities. As
shown in Figure 3.12a, the model tracked the experimental stress-strain behavior over the
full range of strain, showing good agreement. Figure 3.12b shows the evolution of isotropic
and kinematic hardening variables over time.
During the hold times, these hardening variables decreased mainly by thermal
(static) recovery and slightly by static recrystallization. After the hold times, the hardening
variables progressed again from their reduced values under reloading. Because of the reductions of hardening variables during the hold times, the stress of copper was lower compared to the sample that did not undergo any hold times when it was reloaded.
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Figure 3.13

Model validation for sequential load-unload-hold-reload tests with a temperature transition and various hold times

Stress-strain comparison between the predicted results from Internal State Variable (ISV)
recrystallization model and experimental data (Tanner and McDowell, 1999) in the sequential load-unload-hold-reload tests. OFHC cooper was initially deformed at 298 K–0.0004
s-1, then held for various times (60–1200 seconds) at 542 K. After holding, the copper was
deformed again at 542 K–0.0004 s-1.
Figure 3.13 similarly shows the comparisons between the experimental stress-strain
results with various holding times and the predicted results from the present model. In this
case, the copper is initially deformed at ambient temperature (298 K) and held under 542
K during various times (60–1200 seconds). As with the case shown in Figure 3.12, thermal
(static) recovery and recrystallization cooperatively softened the pre-strained copper during the holding periods. In particular, extreme softening was observed during both holding
times of 600 and 1200 seconds. When the copper was reloaded after holding, metadynamic
recrystallization-like behavior was observed showing a rapid reduction in strength. In this
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example, the ISV model underpredicted the stress softening of copper compared to experimental data during holding. Assuming the lab experimental data do not have large uncertainties (uncertainties were not quantified in the Tanner and McDowell (1999)), the underprediction may be attributed to the underestimated quantification for static recovery, static
recrystallization, and/or static grain growth compared to their dynamic parts. Nevertheless,
the overall stress-strain patterns were approximately followed.

Figure 3.14

Model validation for load transition tests with temperature and strain rate
transitions

Stress-strain comparison of the predicted results from the Internal State Variable (ISV)
recrystallization model and experimental data (Tanner and McDowell, 1999) of OFHC
copper in two transitions of temperature (from 542 to 298 K) and strain rate (from 0.0004
to 0.1 s-1)
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As the last case for copper, the history effect of the present ISV model under temperature and strain rate transitions is explored. Figure 3.14 shows two thermomechanical
transitions near a strain of 0.5: i) from 542 K–0.0004 s-1 to 298 K–0.0004 s-1 (Transition
#1) and ii) from 542 K–0.0004 s-1 to 542 K–0.1 s-1 (Transition #2). Following each transition, the stress gradually approaches the stress level at the new thermomechanical condition. This approaching rate is dependent on deformed microstructural states, such as dislocation density, recrystallized volume fraction, and grain size, at which the boundary condition changes. Due to the hardening, recrystallization, and grain size variables in the present ISV model, excellent transient stress-strain behavior was predicted for both transitions.
Figure 3.15a and 3.15b, respectively, show the evolution of the recrystallized dislocation-free volume fraction 𝑋 and average grain size 𝑑𝑔 as a function of strain. Initially,
the 𝑋 rapidly increased, then it slowly decreased after Transition #1, because the reduction
rate of the recrystallized volume became greater compared to the new recrystallization rate.
On the other hand, 𝑋 sluggishly increased after Transition #2 due to the reduced difference
between the recrystallization rate and the reduction rate of recrystallized volume fraction
(see Eq. (3.20)). Regarding the average grain size evolution shown in Figure 3.15b, after
Transition #1, the average grain size was constant without further changes because both
the grain size reduction rate and the grain growth rate were almost zero at 298 K. On the
other hand, after Transition #2, the average grain size further decreased approaching the
predicted average grain size at 542 K and 0.1 s-1 due to the greater grain size reduction rate
at the higher strain rate (0.1 s-1). This behavior of the transient grain size was also observed
in the microstructural analysis of hot deformed materials under transient boundary conditions (Furu et al., 1999; Jiang et al., 2007; Sakai et al., 2014).
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Figure 3.15

Model prediction of the recrystallized dislocation-free volume fraction and
the average grain size of OFHC copper during the transient deformation

Internal State Variable (ISV) recrystallization model’s prediction for the evolution of (a)
the recrystallized dislocation-free volume fraction and (b) the average grain size of OFHC
copper in two transitions of temperature (from 542 to 298 K) and strain rate (from 0.0004
to 0.1 s-1).

141

3.5.1.2

Multistage Thermomechanical Processes
In this validation experiment, the model is tested in multiple thermomechanical

tubing sequences. Because one of key elements to a robust constitutive model is an applicability to a sequential set of problems under multiple and transient stress-states, strain
rates, and thermal conditions, the multistage tube making problem is relevant for a model
validation. A very complicated sequence of thermomechanical steps is found in a steel tube
manufacturing processes described by Cho et al. (2018), who sequentially simulated the
overall important thermomechanical steps in the tubing processes (tube forming, sizing,
annealing, drawing, and final annealing) using the ISV constitutive model implemented in
a Finite Element Method. However, since identical hardening equations in the present
model were used and already validated for cold working sequences in Cho et al. (2018),
this study additionally simulated the annealing sequence in which the cold worked material
(by forming and sizing) was softened by thermal recovery and recrystallization. More details in the work by Cho et al. (2018) are explained in Appendix A. In order for this validation test to be consistent with the one in Cho et al. (2018), exactly same ISV model
parameters were used as ones found in Cho et al. (2018) for the hardening mechanisms.
With those hardening parameters, only recrystallization parameters of the present model
were newly calibrated (as already shown in Figure 3.9) to simulate an annealing sequence
which is placed next to the cold working sequences (tube forming and sizing). The calibrated ISV model and grain size related parameters are shown in Tables 3.1 and 3.2.
For convenience, different states of 1010 steel were named as the following: i) State
1 for raw steel (used for a model calibration shown in Figure 3.9), ii) State 2 for the steel
after cold working, and iii) State 3 for the steel after annealing. Through this simplified
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three states case study, the history effect and validation were explored with the ISV model
presented herein. The stress-strain data from uniaxial tension experiments, performed for
States 2 and 3 materials, are also found in Cho et al. (2018).
As Horstemeyer (2012) discussed, a remarkable feature in the ISV constitutive
model is that ISVs can use their final values in the previous sequence for the next simulation sequence, by initializing them at the beginning of simulation for the next sequence.
Therefore, the history of ISVs can be connected throughout overall sequences without a
new calibration for each sequence. In such a way, the history variables (isotropic and kinematic hardening, recrystallized dislocation-free volume fraction, and average grain size)
of the present ISV model were initialized at the beginning of each subsequent simulation
to transfer their history to the following sequence, but the material model constants remained the same. A schematic diagram that describes the history dependent sequential
multistate modeling scheme, performed in the present study, is presented in Figure 3.16.
Figure 3.17a compares results of the ISV model’s predictions and the experimental
stress-strain data of 1010 steels at State 2 (after cold working) and State 3 (after annealing).
Note that the calibrated model constants and parameters in Figure 3.9, Tables 3.1 and 3.2
were continuously used for every simulation, including the annealing of State 2 material
and the tension simulations of all material states, with no additional calibrations. During
cold working (tube forming and sizing), isotropic hardening highly evolved to 160 MPa
from zero while almost no kinematic hardening evolved (1 MPa). The detailed history of
two hardening variables during tube forming and sizing is found in Cho et al. (2018).
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Figure 3.16

A schematic diagram of the sequential steps (forming, sizing, and annealing) in 1010 steel tube making processes for the validation of history dependence of the present recrystallization Internal State Variable (ISV)
model

Throughout the sequences, the history variables were connected to the following sequence
by initializing the values of history variables at the beginning of simulation for the following sequence. The blue and dashed arrows represent steps being initialized with history
variables. The tension tests at States 2 and 3 were also simulated with the initialization of
the history variables. The subscript numbers of variables indicate the material’s states.
With initializations of these two hardening values, a uniaxial tension test for State
2 material (cold worked material) was simulated at ambient temperature, using a material
point simulator to generate a stress-strain curve.
With the initializations of isotropic and kinematic hardening variables (160 and 1
MPa, respectively), the average grain size (8 μm), and the recrystallized dislocation-free
volume fraction (10-6 because no recrystallization took place during cold working) for State
2 material, the annealing sequence was simulated. The annealing temperature in the furnace
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started with a temperature of 298 K and almost linearly increased to 1200 K for 600 seconds. Once the temperature reached 1200 K, the material was held for additional 600 seconds before the temperature linearly decreased to 298 K over 600 seconds. Thus, the total
annealing time was 1800 seconds. Over the annealing time, the dislocation density greatly
decreased from that of State 2, as shown in Figure 3.17b. In the initial stage of annealing,
static recovery was a dominant softening mechanism, but the recrystallization rate quickly
increased after 400 seconds (see Figure 3.18), and thereby the dislocation density decreased
even further. At the same time as static recrystallization, the average grain size also increased from 8 to 13.3 μm over the annealing time, following the calibrated static grain
growth parameters. Our ISV model tracked these microstructural changes during the annealing.
Finally, using the final values of ISVs in the annealing step, a uniaxial tension test
for State 3 material was simulated at ambient temperature. Because the steel was almost
fully annealed, its strength was much lower than State 2 material (see Figure 3.17a). The
stress-strain behavior of the annealed material (State 3) was well predicted.
With the strong history capability in the present ISV model, the stress-strain behavior over the two sequential steps (cold working and annealing) was accurately predicted
without step-by-step calibrations. In this challenging boundary value problem, the present
ISV model was successfully validated.

145

Figure 3.17

History dependence of the Internal State Variable (ISV) recrystallization
model validated in sequential processes.

(a) compares predicted stress-strain behavior to lab data (Cho et al., 2018) of tension tests
for cold worked (tube forming and sizing) steels (State 2) and annealed steels (State 3),
using the calibrated model parameters for raw steel (State 1) in Figure 3.9. (b) presents the
predicted evolution of isotropic and kinematic hardening variables during annealing
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Figure 3.18

3.5.2

Predicted evolution of the recrystallized dislocation-free volume fraction
and the average grain size during annealing for the cold worked steels
(State 2) by the Internal State Variable (ISV) recrystallization model

Grain size-Hardening Relationship
Originally, Hall and Petch (Hall, 1951; Petch, 1953) proposed a relationship be-

tween the grain size and flow stress of steel, using the square root of the grain size as
follows,
𝜎 = 𝜎0 + 𝛿𝑑𝑔−0.5 ,

(3.44)

where 𝜎 is the flow stress, 𝜎0 is the constant related to friction stress of undeformed material (with a coarse grain), 𝛿 is the material constant that determines the slope of the plot
between 𝜎 and 𝑑𝑔−0.5, and 𝑑𝑔 is the average grain size. Later, several authors (Estrin and
Mecking, 1984; Hansen, 2004b; Hansen and Ralph, 1982; Thompson et al., 1973) extended
the Hall-Petch relation to plasticity. For example, Estrin and Mecking (1984) applied the
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grain size effect to the dislocation storage rate (i.e., hardening rate), using an exponent of
-1 as follows,
𝜕𝜌𝑑
𝜕𝜀 𝑝

= 𝑐1 𝑑𝑔−1 − 𝑐2 𝜌𝑑 ,

(3.45)

where 𝜌𝑑 is the dislocation density, 𝜀 𝑝 is the plastic strain, 𝑑𝑔 is the grain size, and 𝑐1 and
𝑐2 are constants.
Regarding the exponent of the Hall-Petch equation, the validity of the exponent of
0.5 has been controversial, and some literature (Baldwin, 1958; Counts et al., 2008; Dunstan and Bushby, 2014; Gertsman et al., 1994; Gil Sevillano et al., 1980) has suggested
that the value of the exponent can vary depending on the material and its microstructures.
The present study employed a modified form (Horstemeyer, 2012), ℋ =
𝑧

ℋ0 (𝑑𝑔0 ⁄𝑑𝑔 ) , to include the grain size dependence on hardening. In order to rationalize
the validity of this modified formula, a generalized expression extending to the plasticity
regime (Hansen, 2004b; Hansen and Ralph, 1982) is first taken with a general exponent 𝑧
as follows,
𝜎 = 𝜎0 + 𝜑𝑑𝑔−𝑧 ,

(3.46)

where 𝜎 is the flow stress, 𝜑 is a constant that determines the slope of relationship between
𝜎 and 𝑑𝑔−𝑧 , 𝑑𝑔 is the average grain size, and 𝑧 is a generalized exponent. Rearranging Eq.
(3.46), the relationship between hardening and average grain size is shown as the following,
𝜑

𝜎 − 𝜎0 = ℋ = 𝑑𝑧

𝑔
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(3.47)

where ℋ is the stress arising from the dislocation density (i.e., hardening (ℋ ∋ 𝜅, 𝛼)).
Therefore, the above relationship is essentially equivalent to the modified form,
𝑧

ℋ = ℋ0 (𝑑𝑔0 ⁄𝑑𝑔 ) , employed in the present ISV model.
As explained earlier, using this modified equation, the relationship between the
grain size and the plastic flow stress that results from interaction between dislocations and
grain boundaries of the applied materials was modeled in the present study (see Figure 3.3).
The calibrated results show that the exponent in Eq. (3.37) appears to be material specific
as presented in Table 3.1.
3.6

Conclusions
A physically motivated ISV constitutive model that unifies static and dynamic re-

crystallization coupled with an explicit form to quantify the grain size was presented
herein. The present recrystallization and grain size dependent ISV model was successfully
validated to experimentally determined stress-strain behavior and/or grain size evolutions
of several metals (OFHC copper, AZ31 magnesium alloy, pure nickel, and 1010 low carbon steel) and geological materials (olivine and clinopyroxene). In particular, the history
dependence, naturally provided by the ISVs, enabled the present model to effectively capture complex sequential boundary value problems: i) transitions from different loading
conditions and ii) multistage tubing processes. The results from the applications demonstrate that the presented ISV constitutive model is a good modeling tool to explore the
complex history sensitive problems such as full manufacturing processes of metals, the
Earth’s mantle dynamics, and plate tectonics.
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The present study has several limitations. The effect of plastically stored deformation energy on the grain growth was not included in the present model. In order to include this effect into the grain size kinetics model, relevant quantifications of the dislocation density dependent grain growth are required. Additionally, more transient grain size
data with uncertainties are needed to further improve the grain size kinetics model. Also,
the anisotropic representation of recrystallized volume fraction variable needs to be developed, which may become important when the effect of kinematic hardening is significant.
Finally, the relationship between recrystallization and texture was not considered. These
important topics will be explored in the future.
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CHAPTER IV
EFFECTS OF GRAIN SIZE AND DYNAMIC RECRYSTALLIZATION ON
THE DYNAMICS OF THE EARTH’S MANTLE DURING CONVECTION
Different barriers to dislocations induce different levels of plasticity, so a material’s
grain size can be considered as a critical factor to determine the rheology of the Earth's
mantle minerals. The grain size is an important microstructural feature caused mainly by
recrystallization during processing under thermomechanical conditions. From the physical
point of view, recrystallization mechanisms can be classified as migration recrystallization
and subgrain rotation dynamic recrystallization (DRX). Migration recrystallization represents the nucleation and growth of new grains due to the grain boundaries migrating. In a
plastically deforming material under high temperatures, new grains form where the plastic
deformation energy concentrates (mainly due to high dislocation density) creating necklace
structures, and the nucleated and pre-existing grains’ diameters increase with time. The
subgrain rotation DRX, on the other hand, has to do with grain formations with high misorientation from the low angle dislocation cell boundaries due to subgrain rotations. The
subgrain rotation DRX is also driven by the plastic deformation energy accumulated from
strong dislocation recovery processes. Severe grain refinements are readily observed in the
plastically deforming materials at high strain rates and relatively low temperatures.
Together with these two recrystallization mechanisms, the grain size is also affected
by a grain boundary energy-driven migration called grain growth in which the material
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stabilizes its possessed grain boundary energy thus reducing total grain boundary surface
area.
In summary, the grain size kinetics is determined primarily by competition among
the three mechanisms: i) migration recrystallization, ii) subgrain rotation DRX, and iii)
grain growth. Although phase transformations, which are important processes in the mantle, change the grain size distribution of the aggregate rock, our study is limited to the scope
that does not include the phase transformations.
In the geodynamics community, several authors have explored the mantle’s dynamics with grain size kinetics. For example, Hall and Parmentier (2003) showed that the grain
growth caused a greater viscosity even in the low-stress region, and the competitive grain
size kinetics caused a large viscosity contrast. Notably, the grain size reduction term of
total average grain size kinetics was connected to the deformation rate with a dimensionless
grain size reduction rate constant. Alternatively, Solomatov and Reese (2008) introduced
grain size kinetics with a comprehensive discussion including the phase transformation
effects within the Earth’s mantle. In their model, the grain size was influenced by the grain
growth and phase transformations. Recently, physically-based grain size evolution models
have been proposed (Ricard and Bercovici, 2009; Rozel, 2012; Rozel et al., 2011). These
approaches utilize the mechanical energy dissipated during the deformation and relate the
energy to the DRX-driven grain refinement.
Although all these proposed grain size kinetics models gave important insights regarding the rheological features within the mantle, some deficiencies still exist. The recrystallization was not explicitly explained and connected with the grain size. Since the recrystallization is a complex process that affects the grain size in a complicated manner, an
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explicit recrystallization variable that quantitively tracks the evolution of recrystallization
during deformation needs to be included. Secondly, the mechanical effect directly caused
by the recrystallization mechanism (i.e., reduction of dislocation density) has not been explained. Thirdly, a strong dependence on material’s history was not introduced in many of
previous creep models, which is critical to explain realistic rheology of the mantle (Cho et
al., 2019, 2018; Ricard and Bercovici, 2009; Sherburn et al., 2011a, 2011b). Finally, the
models for grain size evolution and DRX during deformation were not directly calibrated
with real lab experimental data including both stress-strain and grain size-strain behavior.
In this chapter, the interdependent roles of the grain size and DRX within the dynamics of Earth’s mantle was numerically investigated using a new constitutive approach
that applies an Internal State Variable (ISV) theory-based elastoviscoplastic rheology. This
ISV model accounts for both kinetics of DRX and grain size and their effects on the mantle
rheology in a unified manner. The ISV constitutive model that includes hardening, recrystallized volume fraction, and grain size kinetics, and its calibrations against experimental
data of mantle minerals (mostly olivine) is first explained. Numerical results are then discussed.
4.1

Constitutive Model
The constitutive model used herein is largely based on a previous ISV constitutive

model in Chapter III that unifies static recrystallization (SRX) and DRX coupled with grain
size kinetics (Cho et al., 2019). Therefore, this section focuses on the essential aspects of
the model avoiding a comprehensive discussion.
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4.1.1

Kinetics of Hardening (Effect of Dislocation Density Evolution)
The present ISV model is primarily based on isotropic and kinematic hardening

equations, each capturing the effects of the evolution of statically-stored dislocations
(SSDs) and geometrically-necessary dislocations (GNDs), respectively. These two kinetics
equations simultaneously explain hardening and dislocation annihilations, and thereby this
ISV model is also called a Unified Creep-Plasticity (UCP) model (Horstemeyer and Bammann, 2010).
For the elasticity, the present model calculates a frame indifferent stress rate, assuming linear elasticity in the intermediate configuration,
𝜎∘ = 𝜎̇ − 𝑊 𝑒 𝜎 + 𝜎 𝑊 𝑒 = 𝜆 𝑡𝑟(𝐷𝑒 )𝐼 + 2𝜇𝐷𝑒 ,

(4.1)

∘

where 𝜎 is the corotational stress rate, 𝐷𝑒 is the elastic rate of deformation tensor, 𝑊 𝑒 is
the elastic spin tensor, 𝜎 is the Cauchy stress tensor, and 𝜆 and 𝜇 are the Lamé constants.
The isotropic (a scalar) hardening (𝜅) is prescribed using a hardening minus recovery format as follows,
2

𝜅̇ = 𝐻(𝑃, 𝑇)‖𝐷𝑖𝑛 ‖ − (√3 𝑅𝑑 (𝑃, 𝑇)‖𝐷𝑖𝑛 ‖ + 𝑅𝑠 (𝑃, 𝑇)) 𝜅 2 ,
𝑅𝑑 (𝑃, 𝑇) = 𝐶13 𝑒𝑥𝑝 (−

𝐶14 +𝑃𝐶24
𝑇

),

𝐻(𝑃, 𝑇) = 𝐶15 𝜇(𝑃, 𝑇),
𝑅𝑠 (𝑃, 𝑇) = 𝐶17 𝑒𝑥𝑝 (−

𝐶18 +𝑃𝐶26
𝑇

).

Likewise, kinematic (a second rank tensor) hardening (𝛼) is prescribed as,
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(4.2)

∘

𝛼 = 𝛼̇ − 𝑊 𝑒 𝛼 + 𝛼 𝑊 𝑒
2

= ℎ(𝑃, 𝑇)𝐷𝑖𝑛 − (√3 𝑟𝑑 (𝑃, 𝑇)‖𝐷𝑖𝑛 ‖ + 𝑟𝑠 (𝑃, 𝑇)) ‖𝛼‖𝛼,
𝑟𝑑 (𝑃, 𝑇) = 𝐶7 𝑒𝑥𝑝 (−

𝐶8 +𝑃𝐶21
𝑇

),

(4.3)

ℎ(𝑃, 𝑇) = 𝐶9 𝜇(𝑃, 𝑇),
𝑟𝑠 (𝑃, 𝑇) = 𝐶11 𝑒𝑥𝑝 (−

𝐶12 +𝑃𝐶23
𝑇

),

∘

where 𝛼 is the frame indifferent kinematic hardening rate tensor variable, 𝐻 and ℎ are the
hardening moduli, 𝑅𝑑 and 𝑟𝑑 are the dynamic recoveries that capture the dislocation glide
or the dislocation creep effect, 𝑅𝑠 and 𝑟𝑠 are the static recoveries that explain the dislocation climb or diffusion effect, ‖𝐷𝑖𝑛 ‖ = √2⁄3 𝐷𝑖𝑛 : 𝐷𝑖𝑛 , which represents an equivalent inelastic deviatoric strain rate, ‖𝛼‖ = √3⁄2 𝛼: 𝛼, which represents an equivalent kinematic
hardening, 𝐶7 and 𝐶13 are dynamic recovery rate constants, 𝐶8 and 𝐶14 are the activation
energy over gas constants for the dynamic recoveries, 𝐶21 and 𝐶24 are the activation volume over gas constants for the dynamic recoveries, 𝐶9 and 𝐶15 are the work hardening constants; 𝜇 is the pressure and temperature dependent shear modulus, 𝐶11 and 𝐶17 are the
static recovery rate constants, 𝐶12 and 𝐶18 are the activation energy over gas constants for
the static recoveries, and 𝐶23 and 𝐶26 are the activation volume over gas constants for the
static recoveries.
When Eqs. (4.2) and (4.3) are integrated with respect to time, 𝐻, 𝑅𝑑 , ℎ, and 𝑟𝑑 determine the plastic strain increment, but 𝑅𝑠 and 𝑟𝑠 determine the time increment. Consequently, the present hardening kinetics equations simultaneously explain the dynamic (i.e.,
strain-dependent) effect, which is related to dislocation creep, and the static (i.e., timedependent) effect, which is related to diffusion creep and the static recovery. This unified
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creep-plasticity feature is required for a realistic constitutive model due mainly to two aspects: i) various deformation mechanisms synchronously taking place in the Earth’s mantle, and ii) transient stress and viscosity arising from the competitions of these simultaneous
mechanisms.
4.1.2

Kinetics of Recrystallization and Grain Size
In this section, the kinetics model for recrystallization and average grain size evo-

lution of Cho et al. (2019) used herein is briefly explained. Recrystallization phenomena
are oftentimes observed in deformed minerals under high temperatures (Bystricky et al.,
2000; Kawazoe et al., 2009). Recrystallization mainly requires two elements as the driving
forces: i) enough temperature and ii) sufficient plastic deformation energy (i.e., dislocation
density).
4.1.2.1

Recrystallization
Recrystallization phenomena take place due to plastic deformation energy arising

from accumulated dislocations. The recrystallization processes consume pre-existing dislocations nucleating new dislocation-free grains, and they dissipate the plastic energy to
stabilize the energy state in a deforming material. Hence, recrystallization affects mechanical properties (e.g., stress and viscosity) of a solid crystalline material, and this process is
entropic in nature.
To capture the effect of recrystallization on a material’s stress state, a volume fraction variable 𝑋 that describes the recrystallized dislocation-free portion is used (Cho et al.,
2019). The recrystallized volume fraction in a deforming mineral has two components: i)
dynamically recrystallized part with straining and ii) statically recrystallized part with time.
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These two components are herein referred to as DRX and SRX, respectively. The
recrystallized volume is partially reduced being filled with newly generated dislocations
during ongoing deformation. These mechanisms synchronously operate producing a transient evolution of the recrystallized dislocation-free volume; later a steady-state (a dynamic
equilibrium) recrystallized volume fraction is reached. With this observation, the volume
fraction evolution rate of the recrystallized dislocation-free portion, 𝑋̇, can be expressed as
the following,
𝑋̇ = 𝑋̇𝑑 + 𝑋̇𝑠 − 𝑋̇𝑟𝑒𝑑

(4.4)

where 𝑋̇𝑑 is DRX volume fraction evolution rate, 𝑋̇𝑠 is SRX volume fraction evolution
rate, and 𝑋̇𝑟𝑒𝑑 is the reduction rate of the recrystallized volume fraction due to new dislocation generations. 𝑋̇𝑑 and 𝑋̇𝑠 are formulated as follows,
2

2

𝜅 +‖𝛼𝑋 ‖
𝑋̇𝑑 = 𝐶𝑥𝑑 (𝑃, 𝑇) ( 𝑋𝜇(𝑃,𝑇)
) 𝑋 𝑎 (1 − 𝑋)𝑏 ‖𝐷𝑖𝑛 ‖,

𝐶𝑥𝑑 (𝑃, 𝑇) = 𝐶𝑥1 𝑒𝑥𝑝 (−

𝐶𝑥2 +𝑃𝐶𝑑𝑝
𝑇

(4.5)

),

and
2

2

𝜅 +‖𝛼𝑋 ‖
𝑋̇𝑠 = 𝐶𝑥𝑠 (𝑃, 𝑇) ( 𝑋𝜇(𝑃,𝑇)
) 𝑋 𝑎 (1 − 𝑋)𝑏

𝐶𝑥𝑠 (𝑃, 𝑇) = 𝐶𝑥3 𝑒𝑥𝑝 (−

𝐶𝑥4 +𝑃𝐶𝑠𝑝
𝑇

(4.6)

),

where 𝐶𝑥1 and 𝐶𝑥3 are the DRX and SRX rate constants, 𝐶𝑥2 and 𝐶𝑥4 are constants for
temperature dependence (the activation energy over the gas constant), 𝐶𝑑𝑝 and 𝐶𝑠𝑝 are constants for pressure dependence (the activation volume over the gas constant), 𝑃 is the hydrostatic pressure, 𝑇 is the temperature, 𝜅𝑋 is the recrystallization dependent isotropic
hardening, ‖𝛼𝑋 ‖ is the equivalent quantity of recrystallization dependent kinematic hardening tensor, 𝜇 is the shear modulus, 𝑎 and 𝑏 are constants for a sigmoidal recrystallization
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volume evolution, and ‖𝐷𝑖𝑛 ‖ is the inelastic part of equivalent deviatoric strain rate. Particularly, the equivalent inelastic strain rate in Eq. (4.5a) plays an important role in distinguishing DRX from SRX.
2

(𝜅𝑋2 + ‖𝛼𝑋 ‖ )⁄𝜇(𝑃, 𝑇) represents the linear proportion of dislocation density,
which is a driving force for the recrystallization mechanism (Brown and Bammann, 2012;
Mecking and Kocks, 1981). Therefore, this term explains the onset of recrystallization in
a deforming material (Bailey and Hirsch, 1962). Also, 𝑋 𝑎 (1 − 𝑋)𝑏 describes a sigmoidal
evolution of recrystallized dislocation-free volume fraction.
For the reduction rate of recrystallized volume fraction 𝑋̇𝑟𝑒𝑑 , this model utilizes the
hardening rates (Eqs. (4.2) and (4.3)) as the following form,
𝜅̇ +‖𝛼∘ ‖

𝑋̇𝑟𝑒𝑑 = 𝐶𝑥5 ( 𝜇(𝑃,𝑇) ) 𝑋 𝑐 ,

(4.7)

where 𝐶𝑥5 is a constant, 𝜅̇ is the recrystallization independent isotropic hardening rate,
∘

‖𝛼‖ is the equivalent quantity of recrystallization independent kinematic hardening rate
tensor, 𝜇 is the shear modulus, and 𝑐 is a material specific exponent. Assuming the homogeneous distribution of dislocations, Eq. (4.7) explains the reduction of recrystallized volume fraction due to newly generated dislocations (increase in dislocation density) in the
grains within a deforming mineral.
4.1.2.2

Grain Growth in a Multiphase Aggregate
To model the grain boundary energy-driven grain growth, the phenomenological

static grain growth rate is used. The static grain growth rate 𝑑̇𝑔𝑟𝑤 is expressed as the following,
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𝜔
𝑑̇𝑔𝑟𝑤 = 𝑛𝑑 𝑛−1 ,
𝑔

𝜔 = 𝜔0 𝑒𝑥𝑝 (−

𝐸 ∗ +𝑃𝑉 ∗
𝑅𝑇

),

(4.8)

where 𝜔0 is the grain growth rate constant, 𝑛 is the exponent, 𝑑𝑔 is the current average
grain size, 𝐸 ∗ is the activation energy for the grain growth, 𝑃 is pressure, 𝑉 ∗ is the activation volume for the grain growth, 𝑅 is the gas constant, and 𝑇 is temperature.
The grain boundary mobility of a mineral in a multiphase system is interrupted by
the Zener pinning effect. Annealing experiments (Hiraga et al., 2010; Skemer and Karato,
2007) for the multi-mineral aggregates showed that the grain growth rate highly decreased
as the mineral's volume fraction decreased. Based on this observation, a volume fraction
dependent term was added to Eq. (4.8b), which explains the grain growth rate decrease
with the volume fraction of target mineral decrease,
𝜔 = 𝜔0 𝑒𝑥𝑝 (−

𝐸 ∗ +𝑃𝑉 ∗
𝑅𝑇

+ 𝑎𝑔 𝜑 𝑏𝑔 ),

(4.9)

where 𝑎𝑔 and 𝑏𝑔 are the constants that determine the relationship between grain growth
rate and the mineral’s volume fraction, and 𝜑 is the mineral’s volume fraction in a multiphase aggregate. Comparison of the model to lab experimental data will be presented in
the model calibration section.
4.1.2.3

Grain Size Reduction due to DRX
When the material is dynamically recrystallized at relatively low temperatures

(and/or high pressures), the current mean grain size decreases in a parabolic manner, approaching a steady-state grain size at a large strain (Fatemi-Varzaneh et al., 2007; Horstemeyer and McDowell, 1998). Therefore, a model for the grain size reduction kinetics
requires a connection with DRX. Otherwise, the model may incorrectly predict the realistic
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grain size evolution. The present model’s grain size reduction equation explains the DRX
dependence including 𝑋̇𝑑 (Cho et al., 2019):
(4.10)

𝑑̇𝑟𝑒𝑑 = −𝐶𝑔3 𝑋̇𝑑 𝑑𝑔 (𝑑𝑔 − 𝑑𝑠 ),

where 𝐶𝑔3 is the reduction rate constant, and 𝑑𝑠 is the recrystallized steady-state average
grain size. The steady-state average grain size of recrystallized material is determined utilizing the Zener-Hollomon parameter (Zener and Hollomon, 1944) as following (FatemiVarzaneh et al., 2007),
𝑑𝑠 = 𝐶𝑔1 𝛧 −𝐶𝑔2 ,
𝐸 ∗ +𝑃𝑉 ∗

𝑍 = ‖𝐷𝑖𝑛 ‖ 𝑒𝑥𝑝 (

𝑅𝑇

),

(4.11)

where 𝐶𝑔1 and 𝐶𝑔2 are constants, and 𝛧 is the Zener-Hollomon parameter. As 𝛧 increases,
𝑑𝑠 decreases; otherwise, 𝑑𝑠 increases.
Using an additive form, the total average grain size evolution rate can then be determined as follows,
𝑑𝑔̇ = 𝑑̇𝑔𝑟𝑤 + 𝑑̇𝑟𝑒𝑑 = 𝑛𝑑

𝜔

𝑔

𝑛−1

− 𝐶𝑔3 𝑋̇𝑑 𝑑𝑔 (𝑑𝑔 − 𝑑𝑠 ),

(4.12)

where 𝑑̇𝑟𝑒𝑑 is operative only if 𝑑𝑔 > 𝑑𝑠 , subtracting 𝑑𝑔 by ∆𝑑𝑟𝑒𝑑 . If 𝑑𝑔 ≤ 𝑑𝑠 , then 𝑑̇𝑟𝑒𝑑 is
set to zero, and only 𝑑̇𝑔𝑟𝑤 is operative. This treatment is motivated by the experimental
observation that the grain size kinetics essentially becomes growth dominant if 𝑑𝑔 < 𝑑𝑠 ,
while it becomes grain refinement dominant otherwise (Sakai and Jonas, 1984).
4.1.2.4

Grain Size and Recrystallization Effect on the Plastic Stress
The recrystallized dislocation-free volume fraction (𝑋) and the average grain size

(𝑑𝑔 ) directly influence the plastic stress and as such interact with the hardening equations.
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To couple them with hardening, the hardening equations (Eqs. (4.2) and (4.3)) are modified
as below. For the modified isotropic hardening,
𝑑𝑔0

2

𝜅̇ 𝑋 = [𝐻(1 − 𝑋)2 ‖𝐷𝑖𝑛 ‖ − (√3 𝑅𝑑 ‖𝐷𝑖𝑛 ‖ + 𝑅𝑠𝑐 ) 𝜅𝑋2 ] ( 𝑑 )

𝑧𝐻𝑃

𝑔

𝑑𝑔0

𝑅𝑠𝑐 = 𝑥𝐺𝐼𝑆 𝑅𝑠 + 𝑥𝐺𝑆𝑆 𝑅𝑠 ( 𝑑 )

𝑧𝑑𝑓

𝑔

,

(4.13)

; 𝑥𝐺𝐼𝑆 + 𝑥𝐺𝑆𝑆 = 1,

and for the modified kinematic hardening,
∘

2

𝑑𝑔0

3

𝑑𝑔

𝛼𝑋 = [ℎ(1 − 𝑋)2 𝐷𝑖𝑛 − (√ 𝑟𝑑 ‖𝐷𝑖𝑛 ‖ + 𝑟𝑠𝑐 ) ‖𝛼𝑋 ‖𝛼𝑋 ] (
𝑑𝑔0

𝑟𝑠𝑐 = 𝑥𝐺𝐼𝑆 𝑟𝑠 + 𝑥𝐺𝑆𝑆 𝑟𝑠 ( 𝑑 )

𝑧𝑑𝑓

𝑔

𝑧𝐻𝑃

)

(4.14)

; 𝑥𝐺𝐼𝑆 + 𝑥𝐺𝑆𝑆 = 1,

where 𝑑𝑔0 is the initial grain size, 𝑧𝑑𝑓 is an exponent for the grain size effect on diffusion
creep, 𝑧𝐻𝑃 is the Hall-Petch exponent for the dislocation-grain boundary interaction, 𝑥𝐺𝐼𝑆
is the volume fraction of the grain size insensitive static mechanism such as thermal dislocation recovery (dislocation climb), and 𝑥𝐺𝑆𝑆 is the volume fraction of grain size sensitive
static mechanisms (diffusion creep). As 𝑋 increases, the dislocation density decreases.
Also, as 𝑑𝑔 increases, the diffusion creep terms 𝑅𝑠 and 𝑟𝑠 decrease, which leads to the dislocation creep dominant regime.
4.1.3

Yield Surface, Flow Rule, and Viscosity
The present ISV constitutive model defines a deviatoric inelastic flow rule using

the ISVs in a hyperbolic sine functional form, which is given by
𝐷𝑖𝑛 = 𝑓(𝑇) 𝑠𝑖𝑛ℎ [

‖𝜎′ −𝛼𝑋 ‖−𝜅𝑋 −𝑌(𝑃,𝑇)
𝑉(𝑇)

] 𝑛,

(4.15)

where 𝑓(𝑇) is the rate dependent yield, 𝑉(𝑇) determines the magnitude of rate dependence
on yield, 𝑌(𝑃, 𝑇) determines pressure and temperature dependent but rate independent
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yield, 𝜎 ′ is the deviatoric true stress, and 𝑛 is the inelastic flow direction tensor. The parameters for the rate dependent yield stress are given by
𝐶

(4.16)

𝐶

(4.17)

𝑉(𝑇) = 𝐶1 𝑒𝑥𝑝 (− 𝑇2 ),
𝑓(𝑇) = 𝐶5 𝑒𝑥𝑝 (− 𝑇6 ),

where 𝐶1 , 𝐶2 , 𝐶5 , and 𝐶6 are constants. The yield stress (related to Peierls stress) is known
to be dependent on pressure and temperature as well. A couple of mineral deformation
studies showed that the yield stress initially shows almost a linear increase (Frost and
Ashby, 1982; Spitzig et al., 1975) and levels off after a certain pressure (Kavner, 2007;
Merkel et al., 2002; Proietti et al., 2016). To explain this yield behavior, 𝑌(𝑃, 𝑇) is formulated using a hyperbolic tangent as the following,
𝑌(𝑃, 𝑇) = 𝑌𝑇 + 𝑌𝑃 ,
𝐶

𝑌𝑇 = 𝐶3 𝑒𝑥𝑝 ( 𝑇4 ) ,
𝑌𝑃 = 𝛽1 𝑡𝑎𝑛ℎ(𝛽2 𝑃),
𝛽1 = 𝑃𝑘1 − 𝑃𝑘2 𝑇,
𝛽2 =

𝑃𝑘3
𝛽1

(4.18)

,

where 𝐶3 , 𝐶4 , 𝑃𝑘1 , 𝑃𝑘2 , and 𝑃𝑘3 are material constants. As pressure increases, 𝑌𝑃 starts linearly increasing (Drucker-Prager type yield surface), then it asymptotically converges to
𝑌𝑇 + 𝛽1 being insensitive to pressure (von Mises type yield surface). Therefore, the current
yield stress model combines both the pressure sensitive and insensitive yield surfaces,
smoothly connecting them to avoid a numerical singularity. The inelastic flow direction
tensor is defined for an associative flow rule:
𝜎′ −𝛼

𝑛 = ‖𝜎′ −𝛼𝑋‖.
𝑋

The yield function is then defined by inverting Eq. (4.15) as follows,
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(4.19)

‖𝐷𝑖𝑛 ‖

ℱ𝑦 = ‖𝜎 ′ − 𝛼𝑋 ‖ − 𝜅𝑋 − 𝑌(𝑃, 𝑇) − 𝑉(𝑇) 𝑠𝑖𝑛ℎ−1 [ 𝑓(𝑇) ] = 0,

(4.20)

where ℱ𝑦 is a homogeneous yield function that describes the combined yield surface. If
ℱ𝑦 > 0, inelastic flow starts. Otherwise, only the elastic response is updated. ISVs in this
yield function enable the present model to track the history of yield surface variations reacting to complex boundary conditions.
Finally, a scalar dynamic viscosity 𝜂 is determined by the following constitutive
relationship:
‖𝜎 ′ ‖ = 2𝜂‖𝐷𝑑 ‖,

(4.21)

where ‖𝜎 ′ ‖ is the equivalent deviatoric stress acquired the present ISV model, and ‖𝐷𝑑 ‖
is the equivalent deviatoric strain rate.
4.2
4.2.1

Numerical Simulation Setups
Model Calibration
The present constitutive model was calibrated against the laboratory experimental

data primarily of olivine acquired from the literature. The calibrated model parameters are
summarized in Table 4.1.
4.2.1.1

Yield Stress
Figure 4.1 compares the calibrated model for pressure and temperature dependent

yield stress (Eq. (4.18)) to experimental data for olivine (Chen et al., 1998; Druiventak et
al., 2011; Proietti et al., 2016; Raterron et al., 2004; Uchida et al., 1996) at various pressures and temperatures. This calibrated yield model parameters are also used in stress-strain
calibration with strain rate dependence of yield.
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Table 4.1

The calibrated parameters for the Internal State Variable (ISV) constitutive
model

Parameters

Units

Yield stress
MPa
𝑉
𝐶1
K
𝐶2
MPa
𝑌𝑇
𝐶3
K
𝐶4
𝑌𝑝
MPa
𝑃𝑘1
MPa K-1
𝑃𝑘2
–
𝑃𝑘3
s-1
𝐹
𝐶5
K
𝐶6
Isotropic hardening 𝜅
MPa-1
𝑅𝑑
𝐶13
K
𝐶14
MPa-1K
𝐶24
–
𝐻
𝐶15
MPa-1s-1
𝑅𝑠
𝐶17
K
𝐶18
MPa-1K
𝐶26
Strain rate scaling
‖𝐷0 ‖
s-1
–
𝑞1
–
𝑞2

4.2.1.2

Values
5.000e–01
–
1.000e–01
1.000e+03
6.000e+03
4.050e+00
6.500e–01
1.000e–15
–
4.500e–02
2.000e+02
6.000e–02
3.000e–01
5.600e–02
1.400e+04
2.500e–01
1.000e–05
2.000e–01
7.000e–01

Parameters

Units

Recrystallization 𝑋
MPa-1
𝐶𝑥𝑑
𝐶𝑥1
K
𝐶𝑥2
𝐶𝑑𝑝
MPa-1K
–
𝑋𝑟𝑒𝑑
𝐶𝑥5
–
𝑎
–
𝑏
–
𝑐
Grain size 𝑑𝑔
𝐶𝑔1
𝑑𝑠
µm s−𝐶𝑔2
𝐶𝑔2
–
𝐶
µm-2
𝑑𝑟𝑒𝑑
𝑔3
𝑑𝑔𝑟𝑤 𝑛
–
µmn/s
𝜔0
kJ/mol
𝐸∗
∗
m3/mol
𝑉
𝑎𝑔
–
𝑏𝑔
–
Grain size exponent
𝑧𝑑𝑓
–

Values
5.000e+04
1.564e+04
1.080e–01
1.000e+04
3.000e–01
1.100e+01
8.000e+00
1.000e+04
1.800e–01
2.000e–01
2.400e+00
4.000e+16
6.900e+02
4.000e–06
1.200e+01
2.300e+00
6.000e+00
–
–

Grain Growth and Recrystallized Steady-State Grain Size
The model parameters for grain growth and the recrystallized steady-state grain size

are first required for the plasticity calibration. Regarding the static grain growth (Eqs. (4.8)
and (4.9)), orthopyroxene’s data given from Hiraga et al. (2010) and Skemer and Karato
(2007) were used because the olivine’s activation volume for grain growth is not well constrained. In these two experiments, they annealed orthopyroxenes (enstatites) at different
pressures and temperatures.
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Figure 4.1

Calibration of yield stress in the present constitutive model for olivine

Comparison of calibrated yield stress of the present constitutive model to experimental data
for olivine at various temperatures (300–1373 K) and pressures (0–12 GPa). Strain rates in
the experiments are approximately 10-5 s-1. The experimental data are from Uchida et al.
(1996) (U,1996), Chen et al. (1998) (C,1998), Raterron et al. (2004) (R,2004), Druiventak
et al. (2011) (D,2011), and Proietti et al. (2016) (P,2016).
Moreover, Hiraga et al. (2010) investigated orthopyroxene’s grain growth in the
two-phase aggregates. Figures 4.2a and 4.2b show the calibrated model that captures the
grain growth data in these two reports at various temperatures, pressures, and volume fractions. The grain growth rate decreases as the temperature and volume fraction of enstatite
decrease but as the pressure increases.
Regarding the dynamically recrystallized steady-state average grain size (𝑑𝑠 ), 𝐶𝑔1
and 𝐶𝑔2 in Eq. (4.11) were also calibrated against laboratory experimental data (Hansen et
al., 2012b; Jung and Karato, 2001b; Van der Wal et al., 1993) (see Figure 4.2c). The steadystate grain sizes of all experiments agreed well with 𝐶𝑔2 =0.18, which determines the slope
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in the log strain rate-log grain size relationship, but 𝐶𝑔1 varied among the datasets. Without
loss of generality, 𝐶𝑔1 was set to 104 m 𝑠 −𝐶𝑔2 , which gives reasonable steady-state grain
sizes within the range of these three experiments.
4.2.1.3

Hardening and Creep
Because the hardening variables, recrystallization, and grain size kinetics are inter-

related, the optimization calibrations for these variables were simultaneously performed.
This section explains the calibration of hardening variable, then will present the calibrations for recrystallization and grain size variables in the following section.

Figure 4.2

Model calibrations for multiphase grain growth kinetics and recrystallized
steady-state mean grain size

Comparison of calibrated models (lines) for grain growth kinetics and recrystallized
steady-state mean grain size to experimental data (symbols). (a) presents the volume fraction dependent grain growth rate 𝜔 and our model calibration for it against experimental
data for orthopyroxene (OPx) (Skemer and Karato (2007) (SK,2007) and Hiraga et al.
(2010) (H,2010)). (b) shows the growth of OPx (enstatites) grains under annealing at various temperatures (1473–1633 K), pressures (0–1.5 GPa), and volume fractions of OPx
(0.15–1). (c) compares the dynamically recrystallized steady-state grain sizes from the current model calibration to the data from deformation experiments for olivine (Van der Wal
et al. (1993) (V,1993), Jung and Karato (2001) (JK,2001), and Hansen et al. (2012)
(H,2012)).
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Although the present constitutive formulation includes isotropic and kinematic
hardening variables (Eqs. (4.13) and (4.14)), this study only uses the isotropic hardening
because effect of the kinematic (anisotropic) hardening has not been constrained for the
mantle rheology. Thus, the current model only captures the effect of isotropically evolving
dislocation density without consideration of its anisotropy.
First, to determine the grain size effect of diffusion creep, experimental data from
Mei and Kohlstedt (2000) were used, which reported an approximate grain size exponent
of 3 in the conventional diffusion creep equation. For a correlation of our model’s plastic
stress with stress in the diffusion creep equation, a steady-state hardening value was used.
Under a low strain rate, the isotropic hardening 𝜅𝑋 asymptotically approaches a steadystate (𝜅𝑋,∞ ) at a large strain, and 𝜅𝑋,∞ can be found by the analytical integration (Bammann, 1990) (with assumptions of very low yield stress and small 𝑥𝐺𝐼𝑆 in Eq. (4.13)):
𝐻(1−𝑋)2 ‖𝐷 𝑖𝑛 ‖

𝜅𝑋,∞ ≈ √

𝑑𝑔0 𝑧𝑑𝑓
)
𝑑𝑔

.

(4.22)

𝑅𝑠 (

Comparing Eq. (4.22) with the conventional diffusion creep equation, the grain size
exponent 𝑧𝑑𝑓 was determined to be 6. Also, the present model formulation includes a grain
size exponent for the Hall-Petch effect (𝑧𝐻𝑃 ), which explains interactions between grain
boundaries and dislocations. The Hall-Petch behavior can be important in the relatively
cold mantle like the lithosphere (Kumamoto et al., 2017); however, our study excludes that
effect, because it is not well understood in most of the mantle.
Secondly, 0.1 was chosen for 𝑥𝐺𝐼𝑆 (the volume fraction of grain size insensitive
static mechanism) in 𝑅𝑠𝑐 of Eq. (4.13). Although an accurate portion of grain size insensitive static mechanisms in total static mechanisms is still unknown, it could be reasonably
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guessed by comparing the current model’s viscosity to seismologically observed viscosity
profiles in the mantle. The value 0.1 was an appropriate value that allows the viscosity to
stay in a reasonable range (~1024 Pa s). If 𝑥𝐺𝐼𝑆 > 0.1, then the effect of the grain size sensitive mechanisms was diminished, whereas otherwise, the viscosity was unreasonably
large beyond 1024 Pa s.
Finally, with obtained values of 𝑧𝑑𝑓 and 𝑥𝐺𝐼𝑆 , optimal parameters for 𝐻, 𝑅𝑑 , and
𝑅𝑠 within the physically reasonable ranges were, in turn, calibrated against multiple stressstrain data for olivine at various pressures, temperatures, and strain rates (Bystricky et al.,
2000; Druiventak et al., 2011; Li et al., 2006b; Ohuchi et al., 2015). The calibrated model
and the experimental stress-strain data for olivine showed good agreement in transient regions as well as in the steady-state as shown in Figure 4.3. As emphasized earlier, the
transient stress-strain behavior could be accurately captured since the model was formulated based on ISVs that describe competitions between hardening and creep mechanisms.
4.2.1.4

DRX and Grain Size Reduction
Although recrystallization encompasses both DRX (subgrain rotation) and SRX

(nucleation and growth), this study assumes that the effect of recrystallization is attributed
only to DRX, because the experimental data are currently insufficient to quantify the SRX.
However, note that SRX influences the grain growth rate and may play a role in reducing
the stress of minerals consuming the stored dislocations.
Eqs. (4.5) and (4.7) were calibrated simultaneously when the stress-strain behavior
was calibrated using experimental data (Bystricky et al., 2000), which provided an explicit
DRX stress-strain behavior of olivine under large deformations. Because of DRX, the
stress gradually decreases and approaches a steady-state.
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Figure 4.3

Internal State Variable (ISV) model calibration for the stress-strain behavior of olivine

Comparison of stress-strain behavior between the calibrated ISV model and lab experimental data for olivine at various temperatures (300–1473 K), pressures (0.3–6.5 GPa),
and strain rates (0.00001–0.000035 s-1). (a) shows the stress-strain behavior at small
strains, and (b) shows identical stress-strain curve at large strains. The stress decreased
over the large deformation due to dynamic recrystallization (DRX), and the current constitutive model accurately captures the DRX stress-strain behavior. Lab experimental data are
from Bystricky et al. (2000) (B,2000), Li et al. (2006) (L,2006), Druiventak et al. (2011)
(D,2011), and Ohuchi et al. (2015) (O,2015).
As discussed earlier, the temperature (𝐶𝑥2 ) and pressure (𝐶𝑑𝑝 ) dependent parameters of DRX were determined by finding the most reasonable values for these two parameters to activate DRX near 0.9Tm throughout the mantle depth. Consequently, 15,640 K
(𝐶𝑥2 ) and 0.108 MPa K-1 (𝐶𝑑𝑝 ) were set, which are equivalent to the activation energy of
130 kJ/mol and the activation volume of 0.9×10-6 m3/mol, respectively. The rest of the
parameters of DRX were determined using the least square method. Figure 4.3b shows the
calibrated ISV model accurately explained the stress-strain behavior with DRX in the full
range of strain. The evolution of recrystallized dislocation-free volume fraction 𝑋, pre-
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dicted with the stress-strain calibration, is shown in Figure 4.4. The recrystallized dislocation-free volume fraction sigmoidally increased approaching a steady-state at the large
strain, which is typical in dynamically recrystallized materials.
The rate constant 𝐶𝑔3 in the grain size reduction (Eq. (4.10)) was also calibrated
against experimental grain size data for olivine (Bystricky et al., 2000). Figure 4.4 also
shows a good comparison between the calibrated model and the experimental grain size
measurements during the deformation.

Figure 4.4

Calibrated grain size kinetics and predicted recrystallized dislocation-free
volume fraction evolution during deformation of olivine

Calibrated grain size reduction kinetics and predicted sigmoidal evolution of the recrystallized dislocation-free volume fraction 𝑋 by the present Internal State Variable (ISV)
model. The grain size kinetics was calibrated against the grain size data for olivine from
Bystricky et al. (2000) (B,2000). The evolution of 𝑋 was predicted while the stress-strain
behavior was calibrated against the experimental data from Bystricky et al. (2000) as
shown in Figure 4.3b.
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4.2.2

Model Extrapolations
Since the present model was calibrated using the laboratory experimental data, sig-

nificant extrapolations of the model are inevitable at extreme temperatures, pressures, and
strain rates. Because of a numerical limitation at large extrapolations, scaling factors comparing the present model’s viscosity to some known viscosity profiles were used (Mitrovica
and Forte, 2004; Peltier, 1999; Steinberger and Calderwood, 2006). The strain rate was
assumed to be 10-16 s-1, which is thought to be typical in the present-day Earth’s mantle.
Given the strain rate and depth-dependent temperatures and pressures, the radial
viscosity was estimated using a steady-state hardening and yield stress. For the strain rate
𝑞2

extrapolation, scaling factors (‖𝐷‖⁄‖𝐷‖0 )

𝑞1

and (‖𝐷‖⁄‖𝐷‖0 )

were multiplied to

𝑅𝑠𝑐 (𝑃, 𝑇) in Eq. (4.13b) and 𝛽1 in Eq. (4.18d), respectively. ‖𝐷‖0 was set to 10-5 s-1 as the
reference strain rate, and 𝑞1 and 𝑞2 were set to 0.2 and 0.7, respectively. 𝐶15 in 𝐻(𝑃, 𝑇)
was also slightly tuned. Figure 4.5a shows the comparison between the initial radial viscosity of the current scaled model and the known radial viscosity profiles. The model’s
viscosity is located within a reasonable viscosity range. Note that these scaling factors were
also included in the model calibrations for consistency.
4.2.3
4.2.3.1

Implementation and Simulation Setups in Finite Element Method
Advection of History Variables
The present ISV rheological model was implemented into a three-dimensional Fi-

nite Element (FE) code for the Earth’s mantle, TERRA3D (Baumgardner, 1983). In
TERRA, the grids are undeformable and structured as the typical Eulerian codes.
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Figure 4.5

Radial viscosity and grain size profiles acquired from TERRA3D mantle
convection simulations at the initial state in all simulation cases and after 1
Gyr in each simulation case

Comparison of the mean viscosity (solid lines) and grain size (dashed lines) at each layer
throughout the depth. (a) shows the viscosity and grain size at the initial state, but others
show simulated one after approximately 1 Gyr in simulation cases of (b) REF (reference
case excluding effects of grain size and DRX), (c) GRW (a case only including grain
growth effect), and (d) GS+DRX (a case including both effects of grain size and DRX).
For the sake of generality, the radial profiles of the viscosity and grain size obtained at
0.95–1 Gyr were averaged. The initial viscosity was estimated by the current Internal State
Variable (ISV) model at the present-day mantle’s temperatures, pressures, and the typical
present-day strain rate 10-16 s-1. The dashed and dotted lines with colors in (a) represent the
known viscosity profiles from Peltier (1999) (P,1999) and Mitrovica and Forte (2004)
(MF,2004) inferred by glacial isostatic adjustment, and Steinberger and Calderwood
(2006) (SC,2006) using mantle mineral’s physical properties.
Since the present ISV model depends on the previous material’s history, the stress,
strain, history variables (ISVs) must be advected to follow the mantle’s flow. The advection equation for the set of ISVs, stress, and strain fields is written using the material derivative as the following:
𝐷𝓥
𝐷𝑡

=

𝜕𝓥
𝜕𝑡

+ v̅ ∙ ∇𝓥 ( 𝓥 ∋ 𝜎, 𝜀, 𝓢𝑖 ),

(4.23)

where v̅ is the flow velocity vector, 𝓥 is a general representation for the advected variables,
𝜎 is the stress, 𝜀 is the strain, 𝓢𝑖 is the set of ISVs including the isotropic hardening (𝜅),
172

grain size (𝑑𝑔 ), and recrystallization (𝑋) variables, and some state variables require its previous memories. To reduce numerical diffusion, a semi-Lagrangian advection scheme
(Staniforth and Côté, 1991) was applied.
4.2.3.2

Reference (Initial) State of the Mantle
Using thermodynamic parameters (e.g., thermal expansion, thermal conductivity,

etc.) acquired from mineralogical experiments, together with Birch-Murnaghan equation
of state, the reference profiles of temperature, pressure, and density as a function of depth
were initialized in the framework of Preliminary Reference Earth Model (PREM)
(Dziewonski and Anderson, 1981). The top surface boundary and core-mantle boundary
(CMB) temperatures were held at a constant 300 K and 3,733 K, respectively. Other input
TERRA3D parameters used in this study are summarized in Table 4.2.
As the initial temperature distribution, a random lateral variation covering the
spherical harmonic degrees and orders (2 ≤ 𝑙 ≤ 11) was set. The amplitude of the temperature perturbation wavelength was approximately 1 % of the mid-depth reference temperature, which allowed the mantle flow to be convective rather quickly.
Since the present ISV model is history-dependent, some ISVs need to be initialized
as well. Assuming that the mantle was deforming at the beginning of the simulation, the
isotropic hardening was initialized with 80 % of its saturation value (Eq. (4.22)) at the
initial temperature, pressure, and strain rate of 10-16 s-1. The initial grain size was set to
10,000 µm. The recrystallized dislocation-free volume fraction, 𝑋, was set to a small number (10-10) to avoid numerical singularities.
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Table 4.2

Input parameters for TERRA3D Finite Element model

Parameters

Units

Values

FE domain
Outer boundary radius
Inner boundary radius
Lateral number of cells on a layer
Radial number of cells
Lateral cell spacing at surface
Lateral cell spacing at CMB
Radial cell spacing

km
km
–
–
km
km
km

6.370e+03
3.480e+03
3.277e+05
6.400e+01
6.000e+01
3.300e+01
4.500e+01

Thermodynamic parameters
Density at surface
Density at CMB
Temperature at surface
Temperature at CMB
Thermal expansion coef. at surface
Thermal expansion coef. at CMB
Thermal conductivity
Specific heat
Internal heat generation rate

kg m-3
kg m-3
K
K
K-1
K-1
W m-1 K-1
J kg-1 K-1
W kg-1

3.400e+03
5.556e+03
3.000e+02
3.733e+03
3.604e–05
8.297e–06
4.000e+00
1.000e+03
1.500e–12

Viscosity limiting parameters
Minimum viscosity
Maximum viscosity
Minimum strain rate

Pa s
Pa s
s-1

1.000e+21
1.000e+24
1.000e–16

4.2.3.3

Finite Element Analysis Setup
The mesh of the spherical FE domain of TERRA3D is created by successive dyadic

refinements of a regular icosahedron projected onto a sphere (Baumgardner, 1983; Yang,
1997) as shown in Figure 4.6. The sphere of TERRA3D comprises ten diamonds, and each
diamond contains 2𝑛𝑡2 three-dimensional triangular elements on a layer and 𝑛𝑟 elements in
radial direction, where 𝑛𝑡 represents number of elements on an edge of the diamond (Figure 4.6b). The dyadic refinement to increase the model resolution starts from a regular
spherical icosahedron, and the repeated number of the refinement is denoted as 𝑘. After the
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𝑘-th dyadic refinement, each diamond contains 2𝑛𝑡2 triangles and (𝑛𝑡 +1)2 nodes on each
layer, where 𝑛𝑡 =2𝑘 . As a result, total numbers of 3D triangular elements and nodes in the
entire domain of TERRA3D are 20𝑛𝑟 𝑛𝑡2 and (𝑛𝑟 +1)(10𝑛𝑡2 +2), respectively, where 𝑛𝑟 =𝑛𝑡 /2
which constrains the element aspect ratio to be almost 1 (Yang, 1997).
In TERRA3D, although the resolution of triangular elements is nearly uniform over
the shell where they are located, the maximum grid spacing is found at the center of the
original (largest) triangle before the dyadic refinement and the minimum grid spacing is
found at the edge of the original triangle. The average grid spacing on the surface of a unit
sphere can be calculated as the following,
𝛿𝑎𝑣𝑔 = 2 𝑐𝑜𝑠 −1 (

1
𝜋
6

2𝑠𝑖𝑛[ (1+

1

).

(4.24)

2 )]

5𝑛𝑡

The grid spacing decreases as the depth increases because the triangular elements
are constructed as a prism with multiple layers throughout the depth. The grid spacings on
a surface can be calculated from Eq. (4.24) multiplying to the radius of sphere (Yang,
1997).
In the study of this chapter, 128 elements were set on the edges of diamonds
(𝑛𝑡 =128 and 𝑛𝑟 =64), which produces total three-dimensional spherical triangular elements
of 20,971,520 (327,680 on each layer × 64 element layers) and total nodes of 10,649,730
(163,842 on each shell × 65 shells). The constructed mesh corresponds to about 60 km, 33
km, and 45 km grid spacings (𝛿𝑎𝑣𝑔 ) at the outer (surface) boundary, at the inner (CoreMantle Boundary (CMB)) boundary, and in the radial direction, respectively.
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Figure 4.6

TERRA3D mesh generated by successive dyadic refinements

The dyadic refinement starts from a regular icosahedron projected onto a sphere. 𝑘 indicates the repeated number of the dyadic refinements. After 𝑘-th refinements, number of
elements on an edge of a diamond (𝑛𝑡 ) equals to 2𝑘 , and number of elements in radial
direction (𝑛𝑟 ) equals to 𝑛𝑡 /2. (a) Finite Element (FE) mesh in TERRA3D with the 4-th
dyadic refinement (𝑘=4). (b) One of ten diamonds extracted from (a). (c) Mesh after the
fifth refinements (𝑘=5). (d) Mesh after the seventh refinements (𝑘=7). In the present study
of this chapter, the geometry in (d) was used for the mantle convection simulations.
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4.2.3.4

Parametric Case Study Setup
To investigate the roles of the grain size and DRX in the mantle deformation, this

study designed three cases: i) a reference simulation without grain size and DRX effect, ii)
a case only with grain growth effect, and iii) a case with both grain size (growth + reduction) and DRX effect. These three cases will be referred to as: i) REF, ii) GRW, and iii)
GS+DRX, respectively.
4.3
4.3.1

Results and Discussions
The Mechanical Effect of Grain Size
The vigor of mantle’s convection profoundly influenced the grain size distribution.

In general, as more vigorous convection occurred, more mantle mixing arose. The average
grain size was, consequently, smaller in convective mantle than in the stagnant mantle.
Figure 4.7 shows the evolved grain size over 1 Gyr in the cases of REF and GRW. In REF,
it was not allowed for the grain size to affect the viscosity but calculated the grain growth
over the time, whereas, in GRW, the grain growth affected the viscosity. In GRW, the
viscosity increased due to the reduction of the diffusion creep rate as the grains grew;
hence, the mantle sluggishly deformed.
The stagnant mantle minimized the mantle mixing; consequently, the overall grain
size in GRW was larger than in the REF. Particularly, some regions within convection
cells, where relatively larger grains were formed, were mechanically isolated due to its
greater viscosity.
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Figure 4.7

TERRA3D plots for temperature, grain size, and log viscosity in all simulation cases

Plots show temperature (a-c) fields after 1 Gyr in the TERRA3D mantle convection simulations for the cases of REF, GRW, and GS+DRX. REF, GRW, and GS+DRX refer to the
reference simulation case excluding effects of grain size and DRX, a simulation case including grain growth effect only, and a simulation case including effects of both grain size
and DRX, respectively.
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Figure 4.7 (continued)
Plots show grain size (d-f) fields after 1 Gyr in the TERRA3D mantle convection simulations for the cases of REF, GRW, and GS+DRX. In general, as the vigor of mantle flow
increased, the grain size decreased due to active material mixing (compare between (d) and
(e)). (f) shows substantial grain refinement due to the DRX. Significant grain refinement
and strain weakening caused by the fine grains and DRX were observed in outer regions
of downwelling slabs and the deep lower mantle.
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Figure 4.7 (continued)
Plots show log viscosity (g-i) fields after 1 Gyr in the TERRA3D mantle convection simulations for the cases of REF, GRW, and GS+DRX
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Figure 4.7 also shows the grain size distribution in the case of GS+DRX that includes the DRX effect. Once the DRX effect was turned on, significant grain refinement
occurred. As the mantle slabs descended, the deformation increased plastic energy due to
accumulated dislocations and thermal energy due to mechanical heating and thermal conduction within the slabs and adjacent mantle, which were favorable for DRX to occur.
Consequently, the DRX rate significantly increased, so fine grains were formed. The fine
grains, in turn, increased diffusion creep rate and thereby decreased viscosity within these
mantle regions. Due to this weakening, the descending rate of slabs greatly increased;
hence, the vigor of convection increased resulting in frequent mantle avalanches. Figure
4.8 also shows the simulation results of GS+DRX for temperature, the grain size, the recrystallized dislocation-free volume fraction, viscosity, isotropic hardening, and plastic
strain rate at 200 and 900 Myr. The regions with low viscosity and stress (hardening) are
correlated with where the fine grains are predicted. The plastic strain rate also demonstrates
this grain size-induced weakening.
The viscosity was very sensitive to competition between grain size and thermal
conditions in a complex manner. This competition leaded to strongly heterogeneous viscosity distribution in the entire mantle. Figure 4.5 compares the radial mean viscosity with
the mean grain size after 1 Gyr in REF, GRW, and GS+DRX.
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400
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Figure 4.8

TERRA3D plots for temperature, grain size, log viscosity, recrystallized
dislocation-free volume fraction, log viscosity, log isotropic hardening, and
log plastic strain rate in the simulation case of GS+DRX

Plots show temperature (a, b) after 200 and 900 Myr, calculated by the present model in
the simulation case of GS+DRX. Log represents the base 10 log scale. Outer and inner
boundaries of the sphere are 50 km in depth and 100 km above CMB, respectively.
GS+DRX refers to a case including effects of both grain size and DRX.
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Figure 4.8 (continued)
Plots show average grain size (dg) (c, d) after 200 and 900 Myr.
183

Recrystallized dislocation-free volume fraction

GS+DRX

e

200 Myr

0.7

0.4

f
0.0

900 Myr

Figure 4.8 (continued)
Plots show recrystallized dislocation-free volume fraction (X) (e, f) after 200 and 900 Myr.
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Figure 4.8 (continued)
Plots show log viscosity () (g, h) after 200 and 900 Myr.
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Figure 4.8 (continued)
Plots show log isotropic hardening () (i, j) after 200 and 900 Myr.
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Figure 4.8 (continued)
Plots show log plastic strain rate norm (Din) (k, l) after 200 and 900 Myr.
In the deep lower mantle (~2,700 km), the radial viscosity in GS+DRX markedly
decreased, and it is correlated with its small grain size. However, at the depths of 2,700–
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2,900 km, the viscosity further decreased but grain size rather increased due to greater grain
growth rate under high homologous temperatures, which implied that the viscosity could
averagely be more temperature dependent at the bottom of lower mantle. This complexity
in the viscosity field was even more obvious in the lateral distribution. As Figure 4.9 shows,
the grain size was influential in viscosity in the mantle near the typical mantle geotherm
range (approximately 2,000–2,700 K). However, at largely sub-adiabatic temperatures
(e.g., innermost parts of slabs) and super-adiabatic temperatures (e.g., upwelling plumes),
the temperature was rather effective in determining viscosity. In the innermost part of slabs,
the viscosity was high due to its low temperature although the grain refinement occurred.
In the hot plumes, the viscosity was low in spite of their large grain sizes.
4.3.2

The Mechanical Effect of DRX
The recrystallized dislocation-free volume fraction 𝑋 increased up to approxi-

mately ~0.7 with plastic deformation in the entire mantle (see Figure 4.8). The 70 % increase in 𝑋 decreases 𝜅 by 70 % (see Eq. (4.22)). Therefore, overall mantle’s stress and
viscosity decreased as 𝑋 increased, and thereby the vigor of convection motion further increased.
Initially, mantle regions with high homologous temperatures (e.g., asthenosphere
in the upper mantle, nearby CMB, and hot plumes) rarely underwent DRX due to the insufficiency of plastic deformation energy. Later, these materials were recrystallized as the
plastic energy accumulated with convection.
Most of the upper mantle and the upper region of the lower mantle were gradually
filled with highly recrystallized rock during the convection, further decreasing its stress
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and viscosity. In contrast, a large volume of less recrystallized lithospheric material descended to the deep mantle with continuous overturns, further increasing its stress and viscosity.
In addition to the grain refinement, DRX mechanism itself, in which it reduced
dislocation density, also weakened the strength of outer part in the downwelling slabs and
adjacent mantle. Since these materials were heavily deformed storing dislocations (also hot
enough), a large amount of DRX occurred and reduced their plastic strength. Figure 4.9
clearly shows this role of DRX. The slabs’ downwelling rates, consequently, further increased. By contrast, the innermost part of slabs rarely underwent DRX because its temperature was still low (although even this slight amount of DRX induced considerable grain
refinement); thus, the stress and viscosity remained relatively high. With the explicit recrystallization variable 𝑋, the present ISV model could predict this complex rheology.
4.3.3
4.3.3.1

Effects of DRX and Grain Size on Deformation and Convection Regimes
Deformation Regimes
The present constitutive model includes both the dislocation creep and the grain

size sensitive creep. The transition of governing deformation regime between two types of
creep mechanisms was primarily dependent on the grain size. Fundamentally, at extremely
low strain rates, the deformation was more sensitive to the diffusion creep than the dislocation creep due to the extreme time period. However, in some local regions, where the
grains coarsened, the diffusion creep effect was reduced; the primary deformation regime
switched to the dislocation creep.
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Figure 4.9

TERRA3D cartographic plots for temperature, grain size, recrystallized
dislocation-free volume fraction, and viscosity at a depth of 1400 km
within the Earth’s mantle

Plots show the lateral distributions of (a) temperature, and (b) grain size fields at a depth
of 1400 km after 900 Myr in the TERRA3D mantle convection simulation for the case of
GS+DRX. GS+DRX refers to a case including effects of both grain size and DRX. The
DRX and grain size reduction drastically decreased the viscosity within the downwelling
slabs and its adjacent mantle. The DRX and grain size kinetics produced considerable heterogeneity of lateral viscosity.
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Figure 4.9 (continued)
Plots show the lateral distributions of (c) recrystallized dislocation-free volume fraction
and (d) the viscosity () fields at a depth of 1400 km after 900 Myr in the TERRA3D
mantle convection simulation for the case of GS+DRX.
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The mantle’s thermal state, together with grain size, was also important in determining the dominant deformation regime. When the mantle’s local temperature increased
to a largely super-adiabatic range, the grains coarsened and thereby diffusion decreased,
which leaded to the dislocation creep dominance. Under this high temperature, the dislocation recovery actively occurred within the grains, reducing hardening (plastic strength)
and viscosity. In contrast, when the mantle is under largely sub-adiabatic temperature (e.g.,
innermost part of the slabs or shallow lithosphere), the diffusion rate was slow in spite of
their small grain sizes, which leaded to dislocation creep dominant deformation regime. In
these regions, the dislocation recovery rate was also slow because of the low temperature;
the mantle’s strength remained high. In the mantle under moderate (nearby adiabatic) temperatures, the dominant deformation regime varied depending on the grain size.
Interestingly, in some local regions of the lower mantle that contain the large grains
under moderate temperatures, the viscosity remained high because of both the limited dislocation recovery (due to the high pressure) and diffusion. Consequently, plastic deformation rates in these viscous regions were substantially low, and the mantle were less
mixed. This observation implies that the existence of long-lived incompatible element
reservoir in the lower mantle (Girard et al., 2016) may also be involved with the large grain
size.
4.3.3.2

Convection Regimes
Because the present ISV model uses a pressure sensitive yield surface (Eq. (4.20)),

the yield stress tends to increase with pressure, particularly at low temperatures. The high
yield stress caused the mantle viscosity to be high, which generally resulted in the stagnant
lid type of convection regime (Solomatov and Reese, 2008).
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In the case of REF, the viscosity distribution was relatively uniform; thus, mostly
uniform flow was observed. Frequently, weak episodic overturns were also observed, but
the flow velocity was almost steady-state.
In GRW, as the grain size increased (thus, the viscosity increased), very stagnant
flow in the entire mantle was observed until around 300 Myr. During this long period of
quiescence, the internal heat generation stored a large amount of heat within the sluggish
mantle, and thereby the gravitational potential energy contrast increased. As the sufficient
contrast of gravitational potential energy was reached, the mantle suddenly entered the episodic-overturn regime. The onset of the episodic-overturn regime was almost thermally
driven without obvious assist of rheological mechanisms.
In the case of GS+DRX that includes DRX effect, the period of quiescence was
much shorter than in GRW. Once the convection motion triggered, DRX and its consequent
grain refinement drastically reduced the mantle’s viscosity with the plastic deformation.
After the avalanches finished, a stagnant flow (thus, a slow deformation rate) was observed
during a short period of time, increasing the overall grain size once again. As the gravitational contrast increased due to the continuous accumulation of heat, subsequent events of
avalanches occurred again. With the inclusion of DRX effect, the mantle had a tendency
of frequent avalanches due to the mechanical instabilities and weakening caused by DRX
and reduced grain size. The dynamic cycles between the stagnant-lid and episodic-overturn
regimes repeated during the convection.
The weakening that occurred during the avalanche episodes was so extreme that it
caused difficulties for the numerical integration. To mitigate these difficulties, a simple
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viscosity floor was imposed, which was effective in reducing the magnitudes of the gradients that arose from the weakening. The value chosen for the floor was 1021 Pa s. This
lower bound on viscosity limited the local velocities and caused the avalanches to unfold
more slowly than they would without the viscosity floor. Nevertheless, the avalanching
behavior of the solution was preserved and was prominent in these numerical results.
4.3.4

Implications for the Mantle’s Grain Size Structure
One prominent observation from our simulations was that the grain size highly in-

creased in the upper mantle and Mantle Transition Zone (MTZ), excepting the lithospheric
mantle and descending slabs. The simulated grain size in these regions was similar to one
inferred from the seismological study for the upper mantle (Faul and Jackson, 2005), which
can be interpreted as that the grain growth rate overtook the grain size reduction rate under
the high homologous temperatures. However, in the descending slabs and lower part of the
lithosphere where the temperature and stored deformation energy gradually increased, the
grain size reduction rate was rather greater creating fine grain structures.
Also, the simulation results of GS+DRX case imply that grain size distributions in
the lower mantle may be heterogeneous because of DRX in the descending slabs and its
adjacent rock. In particular, the grain size in the deep lower mantle nearby D” region may
be very heterogeneous. Since the viscosity affects the seismic wave velocity (Karato,
2010), the heterogeneous seismic structures near CMB may also be involved with the heterogeneity of grain size distributions.
The convection history is also associated with the grain size distribution. In general,
newly descended slabs and its adjacent mantle likely have fine grains due to DRX. However, the descended rock’s grain size gradually increases with time as the heat accumulates.
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Therefore, the old mantle likely has large grain size. Relative volumes of two parties may
depend on other factors such as the volume of subducted material, the downwelling velocity, and the internal heat generation rate.
One of the limitations in this study is the absence of phase transformation effect.
Once new mineral phases nucleate, the average grain size of the local mantle decreases.
Since the upper mantle and MTZ undergo multiple phase transformations, the grain size
distribution can be much more complicated than the results from the current simulation.
The lower mantle’s grain size, with continuous supply of slabs containing new bridgmanite
and ferropericlase phases, can be even smaller than the simulated results herein (Solomatov
and Reese, 2008). To understand more realistic grain size distribution in the entire mantle,
the phase transformations of mantle minerals and their mechanical effects must be taken
into consideration.
4.4

Conclusions
In this chapter, a numerical investigation was conducted to understand roles of

DRX and grain size in the mantle dynamics and the associated microstructural heterogeneous distribution during convection. An experimentally calibrated, history-dependent,
and physically-motivated ISV constitutive model was implemented in the three-dimensional geodynamic Finite Element code, TERRA3D. The unique aspect of this study was
to interdependently connect two new ISVs, one for recrystallization and another for the
grain size kinetics, thus unifying them.
A parametric study was also conducted in which significant DRX and its consequent grain size reduction occurred in the descending slabs and adjacent mantle, weakening
its strength. Due to this rheological weakening, frequent episodic overturns and mantle
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avalanches occurred. Furthermore, strongly heterogeneous microstructure and viscosity
distributions were predicted due to the DRX. In the upper mantle, large grain sizes (~106
µm) were predicted as the grain growth overtook the grain size reduction, while small grain
sizes (102–103 µm) were observed in the lower mantle as dynamically recrystallized downwelling slabs continuously flowed. In particular, exceptional heterogeneity of microstructure and rheology was observed nearby CMB depending on the kinetics of DRX and grain
size under the material’s thermal states.
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CHAPTER V
CONCLUSIONS AND FUTURE WORK
5.1

Conclusions
The emphasis of this dissertation was on understanding, summarizing, analyzing,

modeling multiscale structures of the mantle minerals within the Earth. With this motivation, first the mantle’s mineralogical characteristics and its effects on the mechanical and
rheological properties were reviewed and summarized based on available data from currently available literature (Chapter II). Secondly, a constitutive model was developed to
explain recrystallization and grain size kinetics, which are thought to be almost primary
factors in determining the mantle’s rheology, and their effect on macroscopic representation of the minerals in realistic geological settings (high temperatures and pressures). For
the constitutive relationship, Internal State Variable (ISV) theory was used (Chapter III).
Lastly, the formulated recrystallization and grain size dependent ISV constitutive model
was implemented into TERRA3D, which is a three-dimensional Finite Element code for
the mantle convection problem at structural (planetary) scale. The TERRA3D-ISV code
was used to investigate the effect of dynamic recrystallization and grain size on the mantle’s dynamics during convection (Chapter IV).
In Chapter II, the current state of knowledge of the microstructural features and
thermomechanical properties of the Earth’s mantle minerals from the perspective of struc-
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ture-property relationships were reviewed and summarized. Important mineralogical compositions of the mantle (ten phases: olivine, wadsleyite, ringwoodite, clinopyroxene, orthopyroxene, garnet, ferropericlase, Mg-perovskite, Ca-perovskite, and post-perovskite),
the minerals’ crystal structures, and phase transformation characteristics were reviewed.
Elastic and plastic anisotropies (from both atomic and deformation-induced crystallographic-preferred orientations), grain-related structures (static grain growth kinetics in single phase and multiphase systems, dynamic recrystallization, grain boundary sliding, and
grain boundary strengthening), and water effects were reviewed while discussing their influence on the constitutive behavior of the mantle minerals. Also, a multiphase static grain
growth model suitable for the mantle materials was formulated and applied to available
experimental data of the mantle minerals. The moduli and stress-strain data of the mantle
minerals were summarized as depth dependent profiles when the experimental data were
available to understand their elastic and plastic properties. Compiling data for structureproperty relationships revealed some missing information that is required to build a more
realistic mantle deformation model. Given the state of current understanding and experimental limitations, the integrated multiscale modeling approach can be a good modeling
technique to systematically realize the rheology of mantle minerals that occur in the geological settings.
In Chapter III, a physically motivated ISV constitutive model that unifies static and
dynamic recrystallization coupled with an explicit form to quantify the grain size was presented. The recrystallization and grain size are thought to be as critical elements that control
the rheology within the Earth’s mantle. In the framework of the ISV constitutive model
that previously developed for engineering problems, the pressure sensitivity to dislocation
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evolution kinetics, grain size kinetics, and recrystallization kinetics were added. This formulated recrystallization and grain size dependent ISV model was calibrated and validated
to experimentally determined stress-strain behavior and/or grain size evolutions of several
metals (OFHC copper, AZ31 magnesium alloy, pure nickel, and 1010 low carbon steel)
and geological materials (olivine and clinopyroxene). In all materials, the model successfully explained the realistic stress-strain and grain size-strain (time) relationships. In particular, the history dependence, naturally provided by the ISVs, enabled this ISV model to
effectively capture complex sequential boundary value problems: i) transitions from different loading conditions and ii) multistage tubing processes. The results from these practical applications demonstrated that the recrystallization and grain size dependent ISV constitutive model is a good modeling tool to explore the complex history sensitive problems
such as the Earth’s mantle dynamics and plate tectonics.
In Chapter IV, the developed ISV model in Chapter III was applied to the mantle
convection problem to investigate effect of DRX and grain size on the mantle’s dynamics
and microstructural distribution during convection. The recrystallization and grain size dependent ISV constitutive equations were implemented into TERRA3D Finite Element (FE)
code for three-dimensional planetary scale mantle convection. The unique aspect of this
study was that an explicit recrystallization variable (as an ISV) was employed and connected with the grain size kinetics (as an ISV) which unifies both grain growth and refinement kinetics. To incorporate pressure sensitivity to yield stress (elastic limit) of the mantle, which is particularly important to lithospheric mantle, a pressure dependent yield surface was formulated based on available experimental data for olivine.
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From the mantle convection simulations, it was observed that significant DRX and
grain size reduction occur in the descending slabs and adjacent mantle, weakening its
strength. This rheological weakening, in turn, induced frequent episodic overturns and
mantle avalanche. Furthermore, strongly heterogeneous microstructure and viscosity were
created along with the DRX and grain size evolution kinetics. Given time and strain rate
scale, the upper mantle’s grain size increased up to (~106 µm) as the grain growth overtook
the grain size reduction, while relatively small grain sizes (102–103 µm) were observed in
the lower mantle as dynamically recrystallized downwelling slabs continuously flowed in.
Finally, highly heterogeneous microstructure and rheology were observed nearby CMB,
and the kinetics of DRX and grain size played a significant role in it.
5.2

Future Work
To advance understanding of the silicate mantle’s rheology, further efforts need to

be made as described in the following sections.
5.2.1

Multiphase Constitutive Model Using Internal State Variable Approach
As discussed earlier, the Earth’s mantle may contain dominantly ten different min-

erals, and these minerals can undergo multiple phase transformations at given temperatures
and pressures. Unquestionably, at a certain depth within the mantle, multiple minerals exist
together and most likely are mixed each other. Deformation experiments for the aggregates
of multiple minerals that have contrasting mechanical properties, say strength and viscosity, show different mechanical behavior than one expected from a simple rule of mixture
(Bloomfield and Covey-Crump, 1993). The stress-strain behavior of the aggregate can be
influenced by several variables: i) geometrical distributions of phases, ii) volume fraction
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of each component with a nonlinear relationship (possibly), iii) grain size of each phase,
iv) interactions among phases, and v) each phase’s fundamental material properties. Taking
these variables into account, a macroscopic constitutive model will be developed in the
framework of Internal State Variable theory.
5.2.2

Multiphase Mantle Convection Model
Once an ISV constitutive model to explain the mechanical behavior of the multi-

phase aggregate, the model will be implemented into numerical geodynamic codes (currently TERRA). To construct self-sufficient phase changes during the convection, phase
transformation kinetics within the Earth’s mantle will be implemented based on experimental observations. Given phases’ volume fractions, the multiphase ISV model will provide better realization of rheology of the mantle rock.
5.2.3

Integrated Multiscale Model for the Earth’s mantle: Meso-Macro-Structural Scale
In the context of previous section 5.2.1, integrated multiscale analysis for the mul-

tiphase mineral aggregate of the mantle will be performed. In particular, the multiscale
simulations will be conducted in order of increasing length scales: meso-, macro-, and
structural (or planetary) scale. The overall scheme for the integrated multiscale modeling
constructed for the Earth’s mantle is shown in Figure 5.1. For the mesoscale analysis, Crystal Plasticity will be used, which can explicitly handle multiple grains and phases together
based on their slip systems and orientations. The geometrical and volume fractional effect
can also be estimated.
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Figure 5.1

Integrated multiscale modeling methodology constructed for realization of
rheology within the Earth’s mantle

(a) Bridge between macroscale and structural (or planetary) scale simulations. (b)
Mesoscale simulations (Crystal Plasticity and Phase Field methods) suitable for investigations of grain-scale structure-property relationship. The mesoscopic results are connected
with the macroscale representation using Internal State Variable (ISV) constitutive method.
In turn, the macroscale method is integrated with the structural geodynamic models
From the mesoscale results, a macroscopic constitutive model for the multiphase
mineral aggregates using an ISV theory. Finally, the macroscopic constitutive equations
will be implemented into some geodynamic codes to explore some practical geodynamics
problems such as the mantle convection (even more advanced than the one in the section
5.2.2) and local tectonics problems (e.g., dynamics at subduction zone or deep-focus earthquake). In this manner, multiscale material analysis will be “integrated”.
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5.2.4

Internal State Variable Constitutive Model for Texture Effect within Mineral Aggregates
Texture (or Lattice-Preferred Orientation (LPO)) is also important feature induced

when the polycrystalline mineral deforms. Seismic anisotropy information obtained from
seismic waves passed through the mantle can be compared with the experimental texture
data from laboratory, and the texture analysis can provide some implications of the mantle
flow pattern. Furthermore, mechanical properties may be altered once the texture develops
during deformation. The local grains can plastically rotate increasing the intensity of the
texture during deformation, and this crystalline spin (oftentimes referred to as plastic spin)
can alter yield surface and induce mechanical weakening. Using the Crystal Plasticity
method, some concrete analysis for the texture development will be conducted. Based on
the mesoscopic results, an improved macroscopic ISV constitutive model will be formulated and implemented into larger scale geodynamic codes. With this integrated multiscale
analysis, some long-standing puzzles such as exceptionally low anisotropy in the lower
mantle will be explored.
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The recrystallization kinetics equations constructed in Chapter III are highly nonlinear. Hence, the integration error accumulates over time steps and leads to noticeable
solution differences with various time step sizes. For implementations of these ordinary
differential equations on discrete finite time grids, this study conducted an accuracy comparison test for a couple of numerical integration methods: i) explicit schemes: forward
Euler, an explicit asymptotic exponential integration algorithm, and 4th-order Runge-Kutta
method, and ii) implicit schemes: backward Euler, an implicit asymptotic exponential integration algorithm, and a trapezoidal exponential integration algorithm.
The numerical integration methods were applied to the differential equations for
the recrystallized dislocation-free volume fraction (Eqs. (3.21)–(3.25) and (3.27)), and
their approximations are presented in the following. For simplicity, two components of the
dynamic and static recrystallization rates, excluding the sigmoidal recrystallized volume
fraction evolution term, are expressed with one combined term:
𝐶𝑟𝑒𝑥 = (𝐶𝑥𝑑 (𝑃, 𝑇)‖𝐷𝑖𝑛 ‖ + 𝐶𝑥𝑠 (𝑃, 𝑇)) (

2
𝜅𝑋
+‖𝛼𝑋 ‖

𝜇(𝑃,𝑇)

2

).

(A.1)

Also, the reduction rate of the recrystallized dislocation-free volume fraction, excluding the recrystallized dislocation-free term, is expressed as
∘

𝜅̇ +‖𝛼‖

𝐶𝑟𝑒𝑑 = 𝐶𝑥5 ( 𝜇(𝑃,𝑇) ).
A.1

(A.2)

Explicit Integrations: Forward Euler, an Explicit Exponential Integration
Algorithm, and 4th-Order Runge-Kutta Method
First, the integrated recrystallization kinetics equation with respect to time is ap-

proximated by a simple forward Euler method as the following,
𝑋𝑘+1 = 𝑋𝑘 + ∆𝑋,
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(A.3)

(A.4)

∆𝑋 = 𝐶𝑟𝑒𝑥 𝑋𝑘𝑎 (1 − 𝑋𝑘 )𝑏 ∆𝑡 − 𝐶𝑟𝑒𝑑 𝑋𝑘𝑐 ∆𝑡,

where 𝑘 and 𝑘+1 are previous and current time steps, respectively, and ∆𝑡 is the time step
size.
Secondly, an exponential integration algorithm (Freed and Walker, 1991) was applied to the recrystallization equation for an explicit time integration. To use the exponential integration algorithm, a slightly different form is first set as the following,
𝑋̇ + 𝑈𝑋 = 𝑉,

(A.5)

𝑈 = 𝐶𝑟𝑒𝑥 𝑋 𝑎 (1 − 𝑋)𝑏−1 + 𝐶𝑟𝑒𝑑 𝑋 𝑐−1 ,

(A.6)

𝑉 = 𝐶𝑟𝑒𝑥 𝑋 𝑎 (1 − 𝑋)𝑏−1 .

(A.7)

From this set of equations, an approximated numerical integration is expressed using the explicit exponential integration method:
𝑋𝑘+1 = 𝑋𝑘 𝑒𝑥𝑝(−𝑈(𝑋𝑘 )∆𝑡) + 𝑉(𝑋𝑘 )∆𝑡 (

1−𝑒𝑥𝑝(−𝑈(𝑋𝑘 )∆𝑡)
).
𝑈(𝑋𝑘 )∆𝑡

(A.8)

Finally, the 4th-order Runge-Kutta integration method was applied to the recrystallization kinetics equations. The approximated explicit integration is written as the following,
(A.9)

𝑋̇ = 𝐶𝑟𝑒𝑥 𝑋 𝑎 (1 − 𝑋)𝑏 − 𝐶𝑟𝑒𝑑 𝑋 𝑐 ,
1

𝑋𝑘+1 = 𝑋𝑘 + 6 ∆𝑡(𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4 ),

(A.10)

𝑘1 = 𝐶𝑟𝑒𝑥 𝑋𝑘𝑎 (1 − 𝑋𝑘 )𝑏 − 𝐶𝑟𝑒𝑑 𝑋𝑘𝑐 ,

(A.11)

𝑘2 = 𝐶𝑟𝑒𝑥 (𝑋𝑘 +
𝑘3 = 𝐶𝑟𝑒𝑥 (𝑋𝑘 +

∆𝑡
2
∆𝑡
2

𝑎

𝑘1 ) (1 − (𝑋𝑘 +
𝑎

𝑘2 ) (1 − (𝑋𝑘 +

∆𝑡
2
∆𝑡
2

𝑏

𝑘1 )) − 𝐶𝑟𝑒𝑑 (𝑋𝑘 +
𝑏

𝑘2 )) − 𝐶𝑟𝑒𝑑 (𝑋𝑘 +
𝑏

∆𝑡
2
∆𝑡
2

𝑐

𝑘1 ) ,
𝑐

𝑘2 ) ,

𝑘4 = 𝐶𝑟𝑒𝑥 (𝑋𝑘 + ∆𝑡𝑘3 )𝑎 (1 − (𝑋𝑘 + ∆𝑡𝑘3 )) − 𝐶𝑟𝑒𝑑 (𝑋𝑘 + ∆𝑡𝑘3 )𝑐 .
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(A.12)
(A.13)
(A.14)

A.2

Implicit Integrations: Backward Euler, an Implicit Exponential Integration
Algorithm, and an Implicit Trapezoidal Exponential Integration Algorithm
The backward Euler integration method for the recrystallized dislocation-free vol-

ume fraction evolution rate is expressed as the following,
𝑋𝑘+1 = 𝑋𝑘 + ∆𝑋,

(A.15)

𝑎
𝑐
(1 − 𝑋𝑘+1 )𝑏 ∆𝑡 − 𝐶𝑟𝑒𝑑 𝑋𝑘+1
∆𝑋 = 𝐶𝑟𝑒𝑥 𝑋𝑘+1
∆𝑡,

(A.16)

where the 𝑋𝑘+1 is unknown.
Secondly, an implicit form of exponential integration algorithm based on Eqs.
(B.5)–(B.7) was applied to this recrystallization differential equation as follows,
1−𝑒𝑥𝑝(−𝑈(𝑋𝑘+1 )∆𝑡)
).
𝑈(𝑋𝑘+1 )∆𝑡

𝑋𝑘+1 = 𝑋𝑘 𝑒𝑥𝑝(−𝑈(𝑋𝑘+1 )∆𝑡) + 𝑉(𝑋𝑘+1 )∆𝑡 (

(A.17)

Finally, another implicit exponential integration algorithm, which gives 2nd-order
accuracy, was applied to the differential equation as the following,
𝑋𝑘+1 = 𝑋𝑘 𝑒𝑥𝑝 (−12∆𝑡(𝑈(𝑋𝑘 ) + 𝑈(𝑋𝑘+1 )))
1

+ 2 ∆𝑡 (𝑉(𝑋𝑘 ) 𝑒𝑥𝑝 (−12∆𝑡(𝑈(𝑋𝑘 ) + 𝑈(𝑋𝑘+1 ))) + 𝑉(𝑋𝑘+1 )).

(A.18)

Since the implicit methods utilize the unknown value at current time step, the approximation equations were iteratively solved by the Newton-Raphson method.
A.3

Comparison among the Numerically Integrated Solutions
The integrated solutions acquired from the six numerical integration schemes for

the recrystallized dislocation-free volume fraction evolution are compared in Figure B.1.
As the time step size decreased (the number of time steps increased), the solutions from all
methods approached an almost equal solution. However, with a coarse time step size (100
N), the solutions from the 4th-order Runge-Kutta (RK4) method and the implicit trapezoidal
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exponential integration algorithm (EIA-TZ) showed superior accuracy (closer solutions to
the solutions with the finest time step size) than other methods. Hence, in the implementation for the recrystallization kinetics, either the 4th-order Runge-Kutta method or the implicit trapezoidal exponential integration algorithm was chosen.

Recrystallized dislocation-free volume fraction, X
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Comparison among the numerically integrated results for the recrystallized
dislocation-free volume fraction

Plot compares the numerically integrated results for the recrystallized dislocation-free volume fraction evolved over strain (or time). N numbers (100–1000) indicate the number of
time steps, in which a higher number gives a better accuracy. The line colors represent the
integration methods. Exp: explicit methods, Imp: implicit methods, RK4: 4th-order RungeKutta method, EIA: exponential integration algorithm, and TZ: trapezoidal scheme.
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